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Abstract
This is the second of three papers on Conformal General Relativity (CGR). The con-
formal group is introduced here as the invariance group of the partial order of causal
events in nD spacetime. Its general structure, discrete symmetries and field represen-
tations are described in detail. The spontaneous breakdown of conformal symmetry
is then discussed and the role played by a ghost scalar field and a physical scalar field
in 4D spacetime are evidenced. Kinematic–, conformal– and proper–time hyperbolic
coordinates are introduced in a negatively curved Milne spacetime for the purpose of
providing three different but equivalent representations of CGR. The first of these is
grounded in a Riemannian manifold and is manifestly conformal invariant, the second
is grounded in a conformally connected Cartan manifold but its conformal invariance
is hidden, the third is grounded in the Riemannian manifold of the Milne spacetime
and has the formal structure of General Relativity (GR). The relation between CGR
and standard inflationary cosmology is also briefly discussed. Lastly, in view of the de-
tailed study of Higgs–field dynamics carried out in the third paper, the action integrals,
motion equations and total energy–momentum tensors of the Higgs field interacting
with the dilation field are described in the three representations mentioned above.
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1 The conformal group and its representations
As delineated in § 2 of Part I [1], both General Relativity (GR) and Conformal General
Relativity (CGR) describe the universe as grounded in a differentiable manifold enveloped
in a continuum of local tangent spaces, all of which support isomorphic representations of
a finite continuous group, called the fundamental group. The fundamental group of GR is
the Poincare´ group and that of CGR is its conformal extension.
The importance of the finite group of conformal transformations is due to the fact that
it is the largest invariance–group of the partial order of causal events in flat spacetime.
We can infer from this that the infinite group of conformal diffeomorphisms is the widest
invariance group of the partial ordering of causal events in a differentiable spacetime
manifold.
In the next three subsections, the structure and most important representations of the
conformal group in nD spacetime are described in detail. In the further subsections, only
the conformal group in 4D spacetime will be considered.
1.1 The conformal group as the invariance group of causality
The relationship between causality and group theoretical properties of spacetime geometry
was investigated by Alexandrov in 1953 [2] [3]) and Zeeman in 1964. I briefly summarize
the approach of the latter.
Let us define an nD Minkowski spacetime Mn as the Cartesian product of an (n-
1)–dimensional Euclidean space Rn−1 by a real time axis T . The former is intended
to represent the set of possible inertial observers at rest in Rn−1 and equipped with
perfectly synchronized clocks, and the latter is intended to represent common time x0 ∈ T
marked by the clocks. All observers are allowed to communicate with one another by
signals of limited speed, the upper limit of which is conventionally assumed not to exceed
1 (the speed of light in Rn−1). Let us indicate by x1, x2, ..., xn−1 the coordinates of
Rn−1. Hence, regardless of any metrical considerations, we can write Mn = Rn−1 × T ,
which means that Mn is equivalent to the n–dimensional affine space. Clearly, points
x = {x0, x1, x2, ..., xn−1} ∈ Mn also represent the set of all possible point–like events,
observable in Rn−1 at time x0, partially ordered by the relation x ≤ y, defined as follows:
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x can influence y if and only if y0 − x0 ≤
√
(y1 − x1)2 + · · ·+ (yn−1 − xn−1)2.
In contrast to causality in Newtonian spacetime, this partial ordering equips Rn−1 with a
natural topology, the basis of which may be formed by the open sets of points y ∈ Rn−1,
satisfying the inequalities
√
(y1 − x1)2 + · · · + (yn−1 − xn−1)2 < ε
for arbitrarily small ε. The set of points y ≥ x with fixed x and variable y defines the
future cone of x; the set of points y ≥ x with fixed y and variable x defines the past cone
of y. Equation
(y − x)2 ≡ (y0 − x0)2 − (y1 − x1)2 − · · · − (yn−1 − xn−1)2 = 0
defines the family of (double) light–cones of Mn. The following theorem then holds:
Let Z be a one–to–one mapping of nD Minkowski spacetime Mn on to itself – no
assumption being made about whether Z is linear or continuous. If Z preserves the causal
order of events and n > 2, then Z maps light–cones onto light–cones and belongs to a
group that is the direct product of the nD Poincare´ group and the dilation group.
The same result was also obtained by other authors [5] [6] on the basis of weaker
topological assumptions, and it is conceivable that it may be directly obtained by pure
lattice–theoretical methods and suitable automorphism conditions, regardless of any em-
bedding of causal events in an affine space.
To be specific, the invariance group of causality acts on xµ, (µ = 0, 1, . . . , n − 1), as
follows
T (a) : xµ → xµ + aµ (translations) ; (1.1.1)
S(α) : xµ → eαxµ (dilations) ; (1.1.2)
Λ(ω) : xµ → Λµν (ω)xν (Lorentz rotations) . (1.1.3)
Here aµ, α and the tensor ω ≡ ωρσ = −ωσρ are respectively the parameters of translations,
dilation and Lorentz rotations. However, the invariance group of causality is somewhat
larger [7] [8], since the partial ordering of causal events is also preserved, for instance, by
the following map
I0 : x
µ → −x
µ
x2
,
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where x2 = xµxµ, xµ = ηµνx
ν , ηµν = diag{1,−1, . . . ,−1}, which we call the orthochronous
inversion with respect to event x = 0 ∈ Mn [9]. The equalities (I0)2 = 1, I0Λ(ω)I0 =
Λ(ω) and I0S(α)I0 = S(−α) are manifest. By translation, we obtain the orthochronous
inversion with respect to any point a ∈ Mn, which acts on xµ as follows:
Ia : x
µ → − x
µ − aµ
(x− a)2 .
Clearly, the causal order is also preserved by the transformations E(b) = I0T (b)I0,
which manifestly form an Abelian group and act on xµ as follows
E(b) : xµ → x
µ − bµx2
1− 2bx+ b2x2 , (1.1.4)
where bx stands for bµxµ. These are commonly known as special conformal transforma-
tions, but we call them elations, since this is the name coined for them by Cartan in 1922
[10]. In conclusion, the topologically connected component of the complete invariance
group of causal order in the nD Minkowski spacetime is the n–dimensional conformal
group C(1, n − 1) formed of transformations (1.1.1)–(1.1.4), comprehensively depending
on n(n+ 3)/2 + 1 real parameters.
From an invariantive point of view, C(1, n − 1) may be regarded as the more general
continuous group generated by infinitesimal transformations of the form xµ → xµ+εuµ(x),
where ε is an infinitesimal parameter and uµ(x) are such that squared line element ds
2 =
gµνdx
µdxν undergoes the transformation ds2 → [1+ ελ(x)] ds2, where λ(x) is an arbitrary
real function. This requires uµ(x) = aµ + d xµ + gµνωνλ x
λ + 2 cλx
λxµ − cµxλxλ, where
aµ, b, cλ are arbitrary constant and ωνλ is antisymmetric [11].
Indicating by Pµ, Mµν , D and Kµ the generators of T (a),Λ(ω), S(α) and E(b), respec-
tively, we can easily determine their actions on xµ
Pµx
ν = −iδνµ , Mµνxλ = i
(
δλνx
µ − δλµxν
)
,
Dxµ = −ixµ , Kµxν = i
(
x2δνµ − 2xµxν
)
,
where δνµ is the Kronecker delta. Indicating by ∂µ the partial derivative with respect to
xµ, their actions on arbitrary differentiable functions f of x are
Pµf(x) = −i∂µf(x) ; Mµνf(x) = i
(
xµ∂ν − xν∂µ
)
f(x) ;
Df(x) = −ixµ∂µf(x) ; Kµf(x) = i
(
x2∂µ − 2xµxν∂ν
)
f(x) ;
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the Lie algebra of which satisfies the following commutation relations
[Pµ, Pν ] = [Kµ,Kν ] = 0 ; [Pµ,Kν ] = 2i
(
gµνD +Mµν
)
; (1.1.5)
[D,Pµ] = iPµ ; [D,Kµ] = −iKµ ; [D,Mµν ] = 0 ; (1.1.6)
[Mµν , Pρ] = i
(
gνρPµ − gµρPν
)
; [Mµν ,Kρ] = i
(
gνρKµ − gµρKν
)
; (1.1.7)
[Mµν ,Mρσ ] = i
(
gµσMνρ + gνρMµσ − gµρMνσ − gνσMµρ
)
, (1.1.8)
which form the prototype of the abstract Lie algebra of C(1, n − 1) [12].
For the sake of clarity and completeness, we add to Eqs (1.1.5)–(1.1.8) the discrete
operations
I0PµI0 = Kµ ; I0KµI0 = Pµ ; I0DI0 = −D ; I0MµνI0 =Mµν . (1.1.9)
Note that I0 and Pµ alone suffice to generate C(1, n − 1). In fact, using Eqs (1.1.5)–
(1.1.7) and the first of Eqs (1.1.9), we can define all other group generators as follows:
Kµ = I0PµI0 , D =
i
8
gµν [Kµ, Pν ] , Mµν =
i
2
[Kν , Pµ]− gµνD .
This tells us many things about the partial ordering of causal events in Mn. In fact,
we may think of I0 as representing the operator which performs the partial ordering of
causally related events as seen by a point–like observer located at x = 0, which receives
signals from its own past and sends signals to its own future, of T (a) as the operator which
shifts the observer from x = 0 to x = a inMn, and of Ia as a continuous set of involutions
which impart a symmetric–space structure to the lattice of causal event.
Lastly note that, provided n is even, we can include parity transformation P : {x0, ~x} →
{x0,−~x} as a second discrete element of the conformal group. Instead, time–reversal must
be excluded, since it does not preserve the causal order of events. This makes a dif-
ference between GR and CGR. In fact, time reversal, so familiar to GR, is replaced by
orthochronous inversion I0 conventionally centered at an arbitrary point x = 0.
1.2 Remarkable geometric properties of orthochronous inversions
Orthochronous inversion Ia, where a is any point of Mn, has the following properties:
1) It leaves invariant the double cone centered at a, swapping the interiors of the
future and past cones so as to preserve the time arrow and the collineation of all points
on straight lines through a, as shown in Fig. 1.
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Figure 1: The orthochronous inversion cen-
tered at a point a of the Minkowski space-
time interchanges the events lying in the in-
terior of the double cone stemming from a
in such a way that spacetime regions of the
past–cone close to a are mapped onto re-
gions of the future–cone far from a (and vice
versa). T = time axis; S = unit (n − 1)–D
sphere centered at a and orthogonal to T .
2) It partitions the events of the past and future cones stemming from a into a two–fold
family of (n− 1)-D hyperboloids parameterized by kinematic time
τ = ±
√
(x0 − a0)2 + · · ·+ (xn−1 − an−1)2 .
3) It maps future region H+a (τ), extending from cone–vertex a to the (n−1)–D hyper-
boloid at τ , into region H−a (−1/τ) of the past cone defined by the (n− 1)–D hyperboloid
at −∞ and the hyperboloid at τ ′ = −1/τ , and vice versa (Fig. 1, gray areas). Similarly,
it maps the set–theoretical complements of H+a (τ),H
−
a (−1/τ) onto each other.
4) It performs the polar inversion of points r internal to the space–like unit (n− 1)–D
sphere S centered at a and orthogonal to time axis T into points r′ = Iar external to S,
and vice versa.
5) Functions which are invariant under Ia depend upon kinematic time τ only. Thus, if
they vanish near the vertex of the past cone, they also vanish at the infinite kinematic time
of the future cone, and vice versa. This property has an important implication in that, if I0
is invariant under the spontaneous breakdown of conformal symmetry, for very large τ the
universe reaches the same physical conditions as those immediately beforethe symmetry–
breaking event. In other words, the action–integral invariance under I0 is compatible with
the assumption that the time course of the universe may be described as a transition from
the state of an unstable initial vacuum to that of a stable final vacuum with the same
physical properties.
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1.3 Conformal transformations of local fields
When a differential operator g is applied to a differentiable function f of x, the function
changes as gf(x) = f(gx), which may be interpreted as the form taken by f in the reference
frame of coordinates x′ = gx. When a second differential operator g′ acts on f(gx), we
obtain g′f(gx) = f(gg′x), i.e., we have g′gf(x) = f(gg′x), showing that g′ and g act on
the reference frame in reverse order.
The action of g on a local quantum field Ψ(x) of dimension, or weight, wΨ, bearing a
spin subscript ρ, has the general form gΨρ(x) = Fσρ (g−1, x)Ψσ(gx), where F(g−1, x) is a
matrix obeying the composition law
F(g−12 , x)F(g−11 , g2x) = F(g−12 g−11 , x) .
These equations are consistent with coordinate transformations, since the product of two
transformations g1, g2 yields
g2g1Ψρ(x) = Fσρ [(g1g2)−1, x]Ψσ(g1g2x) ,
with g2, g1 always appearing in reverse order on the right–hand member.
According to these rules, the action of C(1, n− 1) generators on an irreducible unitary
representation Ψρ(x) of the Poincare´ group, describing a field of dimension wΨ and spin
subscript ρ, may be summarized as follows
[Pµ,Ψρ] = −i∂µΨρ ; (1.3.1)
[Kµ,Ψρ] = i
[
x2∂µ − 2xµ
(
xρ∂ρ −wΨ
)]
Ψρ + ix
ν
(
Σµν
)σ
ρ
Ψσ ; (1.3.2)
[D,Ψρ] = −i
(
xµ∂µ − wΨ
)
Ψρ ; (1.3.3)
[Mµν ,Ψρ] = i
(
xµ∂ν − xν∂µ
)
Ψρ − i
(
Σµν
)σ
ρ
Ψσ ; (1.3.4)
where Σµν are the spin matrices, i.e., the generators of Lorenz rotations on the spin space.
The corresponding set of finite conformal transformations are
T (a) : Ψρ(x)→ Ψρ(x+ a) ; (1.3.5)
E(b) : Ψρ(x)→ E(−b, x)σρΨσ
(
x− bx2
1− 2bx+ b2x2
)
; (1.3.6)
S(α) : Ψρ(x)→ e−wΨαΨρ(eαx) ; (1.3.7)
Λ(ω) : Ψρ(x)→ Lσρ (−ω)Ψσ[Λ(ω)x] ; (1.3.8)
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where E(−b, x),L(−ω) are suitable matrices which perform the conformal transformations
of spin components, respectively for elations and Lorentz rotations.
As regards the orthochronous inversion, we generally have
I0 : Ψρ(x)→ I0(x)σρΨσ(−x/x2) , (1.3.9)
where matrix I0(x) obeys the equation
I0(x)I0(−x/x2) = 1 . (1.3.10)
For consistency with (1.3.5), (1.3.6) and Eqs E(b) = I0(x)T (b) I0(x), we also have
Eσρ (−b, x) = I0(x)I0(x− b) . (1.3.11)
For the needs of a Langrangian theory, the adjoint representation of Ψα must also be
defined. It is indicated by Ψ¯ = Ψ†B, where B is a suitable matrix, or complex number,
chosen so as to satisfy equation Ψ¯ = Ψ – which implies BB† = 1 – and the self–adjointness
condition of the Hamiltonian. Therefore, under the action of a group element g, the adjoint
representation Ψ¯ρ(x) is subject to the transformation
g : Ψ¯ρ(x)→ Ψ¯σ(gx) F¯ (g−1, x)ρσ ,
where F¯(g−1, x) = B†F†(g−1, x)B.
1.4 Discrete symmetries of the conformal group in 4D
In this and the next two subsections we focus on the transformation properties of a spinor
field ψ(x), since those of all other fields can be obtained by reducing direct products of
spinor field representations.
As is well–known in standard field theory, the algebra of spinor representation contains
the discrete group formed by parity operator P , charge conjugation C and time reversal
T . The last commutes with P , and C, and elicity projectors P±, with P++P− = 1, which
are defined by equations ψR = P+ψ and ψL = P−ψ, where R and L stand respectively for
the right–handed and the left–handed spinor elicities. However, as already pointed out at
the end of § 1.1, passing from the Poincare´ to the conformal group, we must exclude T ,
which violates the causal order, and transfer the role of this operator to I0.
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Let us normalize Dirac matrices γµ in such a way that γ0 = (γ0)† = γ˜0 and γ2 =
(γ2)† = γ˜2, where the tilde superscript indicates matrix transposition, and γ5 = iγ0γ1γ2γ3.
Then, the equalities ψL =
1
2(1 + γ
5)ψ and ψR =
1
2(1 − γ5)ψ hold. As is well–known in
basic Quantum Mechanics, in this representation P and C act on ψL,R as follows:
P : ψR,L(x)→ PψL,R(Px) ; C : ψR,L(x)→ Cψ∗L,R(x) ;
CP : ψR,L(x)→ CPψ∗R,L(Px) ; (1.4.1)
where Px ≡ P{x0, ~x} = {x0,−~x}, P = γ0, C = iγ2γ0, CP = iγ2 and ψ∗R,L are the complex
conjugates of ψR,L. We can easily verify the equations
PC = −CP , C−1 = C† = −C , Cγ5 = −γ5C , Pγ5 = −γ5P ,
the last two of which show that both P and C interchange L with R (whereas PC leaves
them unchanged).
Note that, despite their anticommutativity, P and C act commutatively on fermion
bilinears, of which all spinor observables are made.
The general form of I0(x) introduced in Eq (1.3.9) is determined by the requirement
that I0 commutes with P,C, P±, like time reversal T , as the heuristic principle of preser-
vation of formal laws suggests, and that it satisfies Eq (1.3.10). In summary,
γ0I0(Px) = I0(x) γ0 ; γ2γ0I0(x) = I0(x) γ2γ0 ;
γ5I0(x) = I0(x) γ5 ; I0(xµ)I0(−xµ/x2) = 1 .
Of course, we also require that I0 is not equivalent to 1 and CP . We can easily verify that
all these conditions lead to the general formula
I0(x) = ±(x2)δ /x|x| γ
2γ0 = ±(x2)δ−1/2γ2γ0/x , (1.4.2)
where δ is a real number, /x = ηµνγ
µxν , with
ηµν = diag(1,−1,−1,−1) ,
and |x| =
√
x2 =
√
/x2. Since the sign on the left of Eq (1.4.2) is arbitrary, we make it
equal to −1 for the sake of convenience.
Note that /x is a pseudo–scalar, since P/xP−1 = γ0γµγ0(Px)µ = −/x†.
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To find δ, we impose the condition that the conformal invariant free–field Feynman
propagator
〈0|T{ψα(x1), ψβ(x2)}|0〉 = i2π2 /x1 − /x2[(x1 − x2)2 + iǫ]2 ,
where T
{ · · · } indicates time ordering, is invariant under I0, i.e.,
〈0|T{I0ψα(x1)I−10 , I0ψβ(x2)I−10 }|0〉 = 〈0|T{ψα(x1), ψβ(x2)}|0〉 .
Using Eq (1.3.9) we find the adjoint transformation
ψ¯(x) = ψ†(x)γ0
t0−→ −(x2)δ−1/2ψ†(−x/x2) /x†γ0γ2γ0 = (x2)δ−1/2ψ¯†(−x/x2) /xγ2γ0,
where equalities γ2γ0 = −γ0γ2 and γ0/x†γ0 = /x were used. Thus, the invariant condition
takes the form
(x21x
2
2)
δ−1/2 γ
0γ2 /x1(x
2
1/x2 − /x1x22)/x2γ2γ0
[(x1 − x2)2 + iǫ]2 = (x
2
1x
2
2)
δ+3/2 /x1 − /x2
[(x1 − x2)2 + iǫ]2 ,
which yields δ = −3/2, i.e., the dimension of ψ. Therefore, Eq (1.4.2) can be factorized
as follows
I0(x) =
(
x2
)−3/2(−i /x
|x|
)
i γ2γ0 = (x2)DS0(x)C = (x2)DCS0(x) , (1.4.3)
where D is the dilation generator, C the charge conjugation matrix and S0(x) = ±i /x/|x|x
is a spin matrix satisfying the equation S¯0(x)S0(x) = S0(x) S¯0(x) = 1.
Note that S0(x) acts as a self–adjoint reflection operator, which transforms the spinor
field to its mirror image with respect to the 3D space orthogonal to time–like 4–vector xµ
at x = 0. In effect, we have
S0(x) /y S¯(x) = /y − 2 (xy)
x2
/x , S0(x) γµ S¯0(x) = γµ − 2 x
µ/x
x2
. (1.4.4)
1.5 Conformal transformations of tensors in 4D
Since /x/y = xy− ixµyνσµν , where σµν = i2 [γµ, γν ], we obtain from Eqs (1.3.11) and (1.4.3)
Eσρ (−b, x) =
(
1 + bx− ixµbνσµν
)σ
ρ(
1 + 2bx+ b2x2
)2 . (1.5.1)
Noting that
(
xµbνσµν
)2
= x2b2 − (bx)2, we define
σ =
xµbνσµν√
x2b2 − (bx)2 ,
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so σ2 = 1. We can then pose
1 + bx− ixµbνσµν = A
(
cos
θ
2
− iσ sin θ
2
)
= Ae−iσθ/2 ,
with
A =
√
1 + 2bx+ b2x2 and tan
θ
2
=
√
x2b2 − (bx)2
1 + 2bx
. (1.5.2)
In conclusion, we can write
E(−b, x) = (1 + 2bx+ b2x2)−3/2e−iσθ/2 ,
showing that E(−b, x) is the product of a local dilation and Lorentz rotation e−iσθ/2 acting
on the spinor space, both of which depend on x.
Since the transformation properties of all possible tensors can be derived by reducing
direct products of spinor–field representations, we can infer the general form of inversion
and elation spin–matrices for fields Φ(x) of any spin in M4 as
I0(x) = (x2)D S0(x) C , E(−b, x) = (1 + 2bx+ b2x2)DR0(−b, x) , (1.5.3)
whereD is the dilation generator, S0(x) is the spin–reflection matrix for Φ(x), C the charge
conjugation matrix and R0(−b, x) = e−iΣθ, with θ defined as in Eq (1.5.2) and
Σ =
xµbνΣµν√
b2x2 − (xb)2 ,
as the spin–rotation matrix for Φ(x) at x = 0.
As an application of the results so far achieved, let us study the transformation prop-
erties of fermionic bilinear forms and corresponding boson fields under the action of the
conformal group.
1.6 Orthochronous inversions of tetrads, currents and gauge fields
In the last two subsections, the behavior of the fields under orthochronous inversion was
studied in the particular case of flat or conformally flat spacetime (cf. § 7.1 of Part I),
basing on the transformation properties of spinor fields. As soon as we try to transfer the
very same concepts to Dirac Lagrangian densities and equations, we encounter immediately
the problem of that Dirac’s matrices γµ, as dealt with so far, have no objective meaning
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and must be replaced by expressions of the form γµ(x) = eµa(x) γa, where e
µ
a(x) is the
tetradic tensor and γa a standard representation of Dirac’s matrices in 4D [13].
Since eµa(x) is related to the metric tensor by the equation e
µ
a(x) eaµ(x) = gµν(x), it
has dimension −1 and is therefore transformed by I0 as follows
eµa(x)
I0−−→ 1
x2
[
eµa(−x/x2)−
xµxν
x2
eνa(−x/x2)
]
.
consistently with Eq (1.4.4).
Let ψa be a spinor field of dimension −3/2 satisfying canonical anti–commutation
relations, where a is some family superscript, and consider the hermitian bilinear forms
J (a,b)µ(x) =
1
2
eµa(x) [ψ¯
a(x), γa ψb(x)] , J5(a,b)µ(x) =
1
2
eµa(x)[ψ¯
a(x), γa γ5ψb(x)],
Ja,b(x) =
1
2
[ψ¯a(x), ψb(x)] , J5a,b(x) =
1
2
[ψ¯a(x), γ5ψb(x)] . (1.6.1)
These may be respectively envisaged as the currents and axial–vector currents of some
local algebra, and scalar and pseudo–scalar densities of ψa; all of which are expected to
be coupled with appropriate boson fields in some Langrangian density. We leave as an
exercise the reader to prove that I0 acts on them as follows:
J (a,b)µµ (x)
I0−−→ − 1
(x2)4
[
J (a,b)µ(I0x)− x
µxν
x2
J (a,b)ν(I0x)
]
; (1.6.2)
J5(a,b)µµ (x)
I0−−→ − 1
(x2)4
[
J5(a,b)µ(I0x)− x
µxν
x2
J5(a,b)ν(I0x)
]
; (1.6.3)
J (a,b)(x)
I0−−→ 1
(x2)3
J (a,b)(I0x) ; J
5(a,b)(x)
I0−−→ 1
(x2)3
J5(a,b)(I0x) . (1.6.4)
where I0x = −x/x2.
As explained at the beginning of § 3.1 Part I, covariant vector fields Aµ(x) and covariant
axial–vector fields A5µ(x) have dimension 0, whereas scalar fields ϕ(x) and pseudoscalar
fields π(x) have dimension −1. Therefore, for consistency with field equations, they are
transformed by I0 as follows
Aµ(x)
I0−−→ −Aµ(I0x) + xµx
ν
x2
Aν(I0x) ; (1.6.5)
A5µ(x)
I0−−→ −A5µ(I0x) +
xµx
ν
x2
A5ν(I0x) ; (1.6.6)
ϕ(x)
I0−−→ 1
x2
ϕ(I0x) ; π(x)
I0−−→ 1
x2
π(I0x) . (1.6.7)
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Combining Eqs (1.6.2)–(1.6.4) with Eqs (1.6.5)–(1.6.7) and using the replacements
gµν(x)
I0−−→ (x2)2gµν(I0x) ,
√
−g(x) I0−−→ (x2)4
√
−g(I0x) ,
we obtain the transformation laws
√
−g(x) J (a,b)µ (x)Aµ(x) I0−−→
√
−g(I0x)J (a,b)µ (I0x)Aµ(I0x);√
−g(x) J5(a,b)µ (x)A5µ(x) I0−−→
√
−g(I0x) J5(a,b)µ (I0x)A(5)µ(I0x) ;√
−g(x) J (a,b)(x)ϕ(x) I0−−→
√
−g(I0x) J (a,b)(I0x)ϕ(I0x) ;√
−g(x) J5(a,b)(x)π(x) I0−−→
√
−g(I0x) J5(a,b)(I0x)π(I0x) ;
showing that all Lagrangian densities of interest are transformed by I0 as
√
−g(x)L(x) I0−−→
√
−g(I0x)L(I0x) . (1.6.8)
1.7 Action–integral invariance under orthochronous inversion I0
On the 3D Riemann manifold, the action of I0 in the past and future conesH
+
0 ≡ H+0 (+∞)
andH−0 ≡ H−0 (0−) satisfies the self–mirroring linear properties described in § 1.2, provided
that the geometry is conformally flat. If the geometry is appreciably distorted by the
gravitational field, self–mirroring properties can still be found, provided that the points of
cones are parameterized by polar geodesic coordinates {τ, ~ρ}, as described in § 7.3 of Part
I, with τ > 0 for H+0 and τ < 0 for H
−
0 . In this case, we can define I0 as the operation
which maps point x = Σ(τ) ∩ Γ(~ρ) ∈ H+0 into point x′ = Σ(−1/τ) ∩ Γ(−~ρ) ∈ H−0 , and
vice versa.
These changes suggest that, in order for the motion equations to reflect appropriately
the conditions for the spontaneous breakdown of conformal symmetry, the action integral
A of the system must be restricted to the union of H+0 and H
−
0 .
Using Eq (1.6.8), putting x′ = −x/x2 and renaming x′ as x, we can immediately
establish the invariance under I0 of all action integrals of the form A = A
− +A+, where
A− =
∫
H−
0
√
−g(x)L(x) d4x , A+ =
∫
H+
0
√
−g(x)L(x) d4x , (1.7.1)
because H±0
I0−−→ H∓0 and A±
I0−−→ A∓.
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2 The spontaneous breakdown of conformal symmetry
Assume that the action integral of a quantum field theory is invariant under a continuous
non–Abelian group G of transformations, and let |Ω〉 be the ground state of one of its field
representations. If |Ω〉 is invariant under G, we say that the theory has the symmetry of
G, otherwise, the symmetry is spontaneously broken; in this case, the original symmetry is
not simply lost, but is replaced by a systematic rearrangement of the field representations,
characterized by the following facts [14]: (1) residual invariance of |Ω〉 under a subgroup
S ⊂ G, called the stability subgroup of symmetry breaking; (2) creation of one or more
boson fields of nonzero VEVs and a gapless energy spectrum, called Nambu–Goldstone
(NG) fields, which are one–to–one with the Lie generators of G which do not annihilate
|Ω〉; (3) degeneration of these generators into the generators of an Abelian group, called
the contraction subgroup, which acts as the group of NG–field amplitude translations and
parametric rearrangements of field representations; (4) if |Ω〉 is invariant under spacetime
translations, the energy spectrum of the Hamiltonian exhibits zero–mass poles, which
means that one or more NG fields are of massless particles with nonzero VEVs; otherwise,
the NG fields take the form of extended objects depending on spacetime coordinates.
As proved below, the NG fields generated by the spontaneous breakdown of conformal
symmetry belong precisely to the second case.
2.1 Possible spontaneous breakdowns of conformal symmetry
The mechanism of the spontaneous breakdown of conformal symmetry was studied by
Fubini in 1976 [15]. We report here his main results.
It is known that the 15–parameter Lie algebra of the conformal group G ≡ C(1, 3),
described by Eqs (1.1.5)–(1.1.8), is isomorphic with that of hyperbolic–rotation group
O(2, 4) on the 6D linear space {x0, x1, x2, x3, x4, x5} of metric (x0)2 + (x5)2 − (x1)2 −
(x2)2− (x3)2− (x4)2. The spontaneous breakdown of conformal symmetry can occur only
in three ways, corresponding to the following stability subgroups of G:
– O(1, 3): the Poincare´ group, i.e, the 10–parameter Lie algebra generated by Mµν
and Pµ. With this choice, NG–boson VEVs are invariant under translations and are
therefore constant.
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– O(1, 4): the deSitter group generated by the 10–parameter Lie algebra which leaves
invariant the quadric (x0)2−(x1)2−(x2)2−(x3)2−(x4)2 [16], which characterizes the
class dS4 of the deSitter spacetimes as particular 4D–submanifolds, with constant
positive curvature, of the linear space {x0, x1, x2, x3, x4}. Its generators areMµν and
Lµ =
1
2
(
Pµ −Kµ
)
,
which anti–commute with orthochronous inversion I0 and satisfy the commutation
relations [Lµ, Lν ] = −iMµν ; [Mµν , Lρ] = i
(
gνρLµ−gµρLν
)
. Since vacuum state |Ω〉
is invariant under this subgroup, the NG–field σ+(x) associated with the contraction
subgroup of G satisfies equations
Lµσ+(x)|Ω〉 = 0 , Mµν σ+(x)|Ω〉 ≡ −i
(
xµ∂ν − xν∂µ
)
σ+(x)|Ω〉 = 0 ;
the second of which implies that σ+(x) depends on τ
2 ≡ x2 only.
– O(2, 3): the anti–deSitter group generated by the 10–parameter Lie algebra which
leaves invariant the quadric (x0)2+(x4)2− (x1)2− (x2)2− (x3)2, which characterizes
the class AdS4 of the anti–deSitter spacetimes as particular 4D–submanifolds, with
constant negative curvature, of a 5D linear space. Its generators are Mµν and
Rµ =
1
2
(
Pµ +Kµ
)
,
which commute with orthochronous inversion I0 and satisfies the commutation rela-
tions [Rµ, Rν ] = iMµν ; [Mµν , Rρ] = i(gνρRµ−gµρRν). Since |Ω〉 is invariant under
these transformations, the NG–field σ−(x) associated with the contraction subgroup
of G, satisfies equations
Rµσ−(x)|Ω〉 = 0 , Mµν σ−(x)|Ω〉 ≡ −i
(
xµ∂ν − xν∂µ
)
σ−(x)|Ω〉 = 0 ,
the second of which implies that σ−(x) depends on x
2 = τ2 only.
Comparing the results obtained for the de Sitter and anti–de Sitter groups, we note
that Lµ, D are the generators of the set–theoretical complement of O(3, 2) in G, and Rµ,
D are those of the set–theoretical complement of O(1, 4) in G. Thus, using commutation
relations
[Rµ,D] = i Lµ , [Lµ,D] = iRµ ,
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we derive
[Rµ,D]σ+(τ)|Ω〉 = i Lµ σ+(τ)|Ω〉 = 0 [Lµ,D]σ−(τ)|Ω〉 = iRµ σ−(τ)|Ω〉 = 0 , (2.1.1)
showing that these set–theoretical complements act respectively on σ+(τ)|Ω〉 and σ−(τ)|Ω〉
as Abelian subgroups of transformations.
Using Eqs (1.3.1) and (1.3.2), we obtain the explicit expressions of Eqs (2.1.1) for
σ±(x) of dimension −1
Lµσ+(τ)|Ω〉 ≡ −i
[
1 + x2
2
∂µ − xµ(xν∂ν + 1)
]
σ+(τ)|Ω〉 = 0 ,
Rµσ−(τ)|Ω〉 ≡ −i
[
1− x2
2
∂µ + xµ(x
ν∂ν + 1)
]
σ−(τ)|Ω〉 = 0 .
Contracting these equations with xµ, then putting x2 ≡ τ2 and xµ∂µ ≡ τ∂τ , we can easily
verify that their solutions are satisfied for
σ+(τ) =
σ(0)
1 + τ2
, σ−(τ) =
σ(0)
1− τ2 (2.1.2)
and, which is particularly interesting, they satisfy the d’Alembert equations
σ±(τ)± c2 σ3±(τ) = 0 with σ±(x) = σ±(τ) , (2.1.3)
where c = 8/σ(0)2 and
f(τ) ≡ ηµν∂µ∂νf(τ) =
(
∂2τ +
3
τ
∂τ
)
f(τ) .
However, these expressions are not uniquely determined, since by applying the change
of scale τ → τ/τ0, τ0 > 0, Eqs (2.1.2) become
σ+(τ) =
σ(0)
1 + (τ/τ0)2
, σ−(τ) =
σ(0)
1− (τ/τ0)2 , where σ(0) =
1
τ0
√
8
c
. (2.1.4)
The energy spectra of these functions are gapless and free of poles; hence, they represent
time–dependent extended objects, as predicted by NG theory. In effect, we have∫ ∞
−∞
ei ωτ
1 + τ2/τ20
dτ = 2πτ0 cosh(τ0 ω) ;
∫ ∞
−∞
ei ωτ
1− (τ − iǫ)2/τ20
dτ = 2πτ0 cos(τ0 ω) .
2.2 The NG fields of spontaneously broken conformal symmetry
It is evident from Eq (2.1.3) that σ+(τ) and σ−(τ) are solutions of the motion equations
deducible from the classical conformal–invariant action integrals
A± =
∫ [
± 1
2
ηµν [∂µσ±(x)]∂νσ±(x)−
c2±
4
σ±(x)
4
]
d4x .
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As classical fields, σ+ and σ− may be respectively interpreted as the VEVs 〈Ω|ϕ(x)|Ω〉
and 〈Ω|σ(x)|Ω〉 of a massless physical scalar field ϕ(x) and of a massless ghost scalar field
σ(x), which enter the conformal–invariant action integrals, respectively,
Aϕ =
∫ [
1
2
ηµν(∂µϕ) ∂νϕ−
c2ϕ
4
ϕ4
]
d4x , Aσ = −
∫ [
1
2
ηµν(∂µσ)∂νσ +
c2σ
4
σ4
]
d4x ,
where ηµν is the metric of a flat spacetime of any dimension. Instead, if spacetime is a
curved manifold, conformal invariance requires these action integrals to be replaced by
Aϕ =
∫ [√−g
2
gµν(∂µϕ)∂νϕ−
c2ϕ
4
ϕ4 +
R
6
ϕ2
]
d4x, (2.2.1)
Aσ = −
∫ [√−g
2
gµν(∂µσ)∂νσ +
c2σ
4
σ4 +
R
6
σ2
]
d4x, (2.2.2)
where R 6= 0 is the Ricci scalar of metric tensor gµν . In this case, as proven in § 3.3 of
Part I, Aϕ and Aσ are conformal invariant, but in 4D only, up to a harmless surface term.
Comparing these results with those described in Part I, we note that σ−(τ) may be
regarded as the “seed” of the ghost scalar field σ(x) introduced in the geometric La-
grangian density described § 3.4 of Part I. Similarly, σ+(x) may be regarded as the “seed”
of the scalar field ϕ of nonzero VEVs, described in § 6 of Part I. We shall prove that the
mechanism of cosmic inflation is precisely based on the interaction of these two fields.
Despite the appealing properties of this conformal–invariant picture, we cannot ignore
two main problems:
1) The dynamics of σ derived from Eq (2.2.2) is seriously questionable, since the neg-
ative sign of the kinetic energy term of Aσ leads to uncontrollable growth in σ amplitude.
However, as we prove later, this inconvenience can be neutralized by adding an interaction
of σ with ϕ which forces the energy density of the system to be bounded from below.
2) Despite the absence of dimensional constants, when we pass to the quantized version
of the theory, the conformal invariance in the semiclassical approximation is expected to
be destroyed by renormalization. But here the quantum theory of CGR may have several
surprises in store. For instance, the zero–point energy fluctuations of ϕ(x) and σ(x) cancel
each other because of the opposite signs of their kinetic–energy densities and, as we shall
see in Part III, the theory in the semiclassical approximation predicts the precise values of
the cosmological constant and other important cosmological parameters, without invoking
any contribution from zero–point energy fluctuations due to quantization.
R.Nobili, The Conformal Universe II 19
3 Relevant coordinate systems in CGR
In Part I, Conformal General Relativity (CGR) has been described in two different ways:
one in which conformal symmetry is manifest; in this case, spacetime is a Riemann mani-
fold of metric tensor gµν(x) and the theory includes a ghost scalar–field σ(x) which acts as
the inflationary factor of the universe. The other, in which conformal symmetry is hidden,
spacetime is a Cartan manifold of fundamental tensor eα(x)gµν(x), σ(x) is converted into
a constant σ0 of dimension −1, and eα(x) becomes an internal degree of freedom of the
conformal geometry.
Since we presume that the future cone created by the spontaneous breakdown of con-
formal symmetry is imprinted by the symmetry of stability group O(2, 3), as described in
§ 2.1, we are naturally led to assume that it reflects, at least in the neighborhood of its
origin, the structure and optimal parameterization of an anti–deSitter spacetime.
In effect, in the Riemann–manifold representation, we are naturally led to adopt hy-
perbolic coordinates. But we prefer to rename them as kinematic–time coordinates, as this
was the name used by Brout et.al. in their inspiring paper of 1979 [17].
In the Cartan manifold representation, in which the standard tensor calculus is replaced
by its conformal extension, as described in the Appendix to Part I, we are naturally led
to adopt the conformal hyperbolic coordinates. But we will convert them into proper–time
coordinates, by a suitable redefinition of the time parameter, so that they correspond to
the proper–time coordinates used in standard inflationary cosmology [18].
3.1 Hyperbolic polar coordinates
All worldlines stemming from a point V of a smooth Riemann manifold, and propagating
within the future cone of origin V , are called polar geodesics from V . By means of a suitable
diffeomorphism of the manifold, we can parameterize the cone in the neighborhood of V
in Minkowskian coordinates. The set of all polar geodesics stemming from V can then be
used to implement a system of hyperbolic polar coordinates.
Since any polar geodesic is one–to–one with its direction ~ρ at V , we can denote it
as Γ(~ρ ). In particular, a polar geodesic, generally only one, say Γ(~ρ0) ≡ Γ(0), can be
transformed into a straight axis by means of a further diffeomorphism which does not
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alter the metric near V . We identify kinematic time τ of an event O ∈ Γ(~ρ ) as the length
of geodesic segment V O, as shown in Fig. 2; then, hyperbolic angle ̺ , (−∞ ≤ ̺ ≤ +∞),
as the derivative with respect to τ , at τ = 0, of the length of the hyperboloid arc between
Γ(0) and Γ(~ρ ). Lastly, we indicate by {θ, φ} the Euler angles of the projection ~r of Γ(~ρ )
onto the 3D–plane orthogonal to Γ(0) at V . Since the metric in the neighborhood of V is
Minkowskian, we can put ~ρ = {̺, θ, φ} and ~ρ0 = {0, 0, 0}.
V
? =const O
?
( )??
?
?
( )??
(0)?
r
hyperboloid
close to V
?
0
Figure 2: Geodesics passing through a point V of
a spacetime manifold and spanning the interior of
the future cone of origin V can be parameterized by
hyperbolic polar coordinates {τ, ~ρ }. This is possible
because each geodesic Γ(~ρ ) depends uniquely on its
direction ~ρ = {̺, θ, φ} at V . Kinematic time τ of an
event O ∈ Γ(~ρ ) can then be defined as the length of
geodesic segment V O. 3D surface Σ(τ) is the locus
of all events which have the same time τ .
Since each line–element ds of a polar geodesic has length dτ and ~ρ = {̺, θ, φ} ≡
{ρ1, ρ2, ρ3} is a constant triplet, we have dτ/ds = 1 and dρi/ds = 0. We can then cast
any squared line–element lying in the future cone in the general form
ds2 = dτ2 − τ2 γij(τ, ~ρ ) dρidρj , (i, j = 1, 2, 3) , (3.1.1)
where γij are adimensional functions of τ and ~ρ with initial conditions
lim
τ→0
γ11 = 1; lim
τ→0
γ22 = (sinh ̺)
2; lim
τ→0
γ33 = (sinh ̺ sinϑ)
2; lim
τ→0
γij = 0 (i 6= j).
Therefore, the volume element of the interior of a future cone can be expressed as√
−g(x) d4x = τ3
√
γ(τ, ~ρ ) dτd3ρ, where γ(τ, ~ρ ) is the determinant of matrix
[
γij(τ, ~ρ )
]
and d3ρ ≡ dρ1dρ2dρ3 ≡ d̺ dθ dφ is the volume element of the hyperbolic–Euler angles.
If the metric is not so curved as to require a multi–chart representation, complete
information about the gravitational field is incorporated in functions γij(τ, ~ρ ).
The set of all events of the future cone with the same kinematic time τ forms a 3D
subspace Σ(τ). Since a point O running along a polar geodesic is presumed to represent
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an observer comoving with the expanding universe and equipped with a kinematic–time
clock, Σ(τ) represents the set of all possible comoving observers synchronized at time τ .
Of course, as the gravitational field interacting with the evolving distribution of matter
becomes more and more complicated, the multi–chart representation and therefore also
the description of Σ(τ) tend to evolve toward levels of indescribable complexity.
The importance of this hyperboloidal foliation of the future–cone is that the volume
of each Σ(τ) is infinite at any τ , whereas that of each 3D section orthogonal to the time
axis, which is characteristic of the Minkowskian foliation, is finite.
The reason for the importance is that the infinity of the hyperboloid volumes allows us
to define the thermodynamic limit of the evolving state of the universe at any kinematic
time τ and to describe the dispersion of the undetectable horde of infrared photons and
gravitational waves at the infinite future, which is necessary to represent and explain the
macroscopic evolution of the universe as an irreversible thermodynamic process.
In hyperbolic polar coordinates, standard tensor calculus undergoes an interesting
simplification. In particular, the set of general Christoffel symbols Γλµν =
1
2g
λρ
(
∂µgνρ +
∂νgµρ − ∂ρgµν
)
simplifies as follows
Γλ00= 0; Γ
0
0i= 0; Γ
j
0i=
γjk∂τ (τ
2γki)
2
; Γ0ij=
∂τ (τ
2γij)
2
; Γkij =
γkh
[
∂iγjh + ∂jγih − ∂hγij
]
2
;
(3.1.2)
where γij(x) are the elements of inverse matrix [γij(x)] = [γij(x)]
−1.
Therefore, the covariant differential operators acting on a scalar function f(τ, ~ρ ) are
Dµf = ∂µf ; DµDνf = Dµ∂νf = ∂µ∂νf − Γλµν∂λf ; D2f = Dµ∂µf ; (3.1.3)
D2f =
1√−g∂µ
(√−g gµν∂νf) = ∂2τ f + ∂τ ln (τ3√γ )∂τf − 1τ2√γ ∂i(√γ γij∂jf). (3.1.4)
3.2 Conformal–time coordinates and proper–time coordinates
The metric tensor gµν(τ, ~ρ ) of a future cone embedded in a Riemann manifold H
+, pa-
rameterized by the kinematic–time coordinates x = {τ, ~ρ }, is related through equations
gˆµν(τ, ~ρ ) = e
2α(τ,~ρ)gµν(τ, ~ρ) to the fundamental tensor gˆµν(τ, ~ρ ) of the corresponding fu-
ture cone Ĥ+ of the Cartan manifold parameterized by the same coordinates.
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Correspondingly, the squared line–element of Ĥ+ and gˆµν(τ, ~ρ ) take the general forms
dsˆ2 = e2α(τ,~ρ )d2s = e2α(τ,~ρ )
[
dτ2 − τ2 γij(τ, ~ρ ) dρidρj
]
, (i, j = 1, 2, 3); (3.2.1)
gˆ00(τ, ~ρ ) = e
2α(τ,~ρ ); gˆ0i(τ, ~ρ ) = 0; gˆij(τ, ~ρ ) = −τ2e2α˜(τ,~ρ )γij(τ, ~ρ ); (3.2.2)
where spatial coefficients γij(τ, ~ρ ) may depend on a gravitational field. Consequently, the
volume element
√
−gˆ(τ, ~ρ ) τ3dΩ(~ρ ) of H+ is replaced by e4α(τ,~ρ )
√
−g(x) τ3dΩ(~ρ ) of Ĥ+,
where dΩ(~ρ ) is the volume element of hyperbolic–Euler angles.
Since, in passing from H+ to Ĥ+, dτ is multiplied by Weyl scale–factor eα(τ,~ρ ), and
also because in this form it becomes the analog of the conformal–time element of stan-
dard inflationary cosmology, we find it suitable to rename {τ, ~ρ } as the conformal–time
coordinates of the Cartan manifold.
In passing from kinematic-time coordinates to conformal–time coordinates, the stan-
dard tensor calculus of Riemannian geometry is replaced by the conformal tensor calculus
of Cartan geometry (see Appendix to Part I).
Correspondingly, the covariant derivatives, which in kinematic–time coordinates act on
f(x) as described by Eq (3.1.3), now act on a scalar function fˆ(x) of the Cartan manifold
Ĥ+ as follows
Dˆµf = ∂µfˆ ; DˆµDˆν fˆ = Dˆµ∂νf = ∂µ∂ν fˆ − Γˆλµν∂λfˆ , (3.2.3)
where Γˆλµν =
1
2g
λρ(∂µgνρ + ∂νgµρ − ∂ρgµν) + δλν∂µα + δλµ∂να − gµν∂λα are the Christof-
fel symbols constructed from gˆµν(x), as shown in Eq (A-15) of Part I. Accordingly, the
Beltrami–d’Alembert operator (3.1.4) is changed to its conformal counterpart
Dˆ2fˆ =
∂2τ fˆ
e2α
+
∂τ
(
τ3e2α
√
γ
)
τ3e4α
√
γ
∂τ fˆ −
∂i
(
τ e2α
√
γ γij∂j fˆ
)
τ3e4α
√
γ
. (3.2.4)
It is evident that these coordinates are not of the hyperbolic polar type.
We now introduce another set of coordinates, which have the quality of being polar
and correspond to the proper–time representation of standard inflationary cosmology. Let
us define dτ˜ = eα(τ,~ρ )dτ as the proper–time element corresponding to dτ . We then have
τ˜(x) ≡ τ˜(τ, ~ρ ) =
∫ τ
0
eα(τ
′,~ρ )dτ ′ , (3.2.5)
where the integration is carried out at constant ~ρ. For a homogeneous and isotropic
spacetime, τ˜(x) depends only on τ . This makes sense, because τ is by definition the running
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parameter of the geodesic stemming from the origin O of the future cone at constant
hyperbolic–Euler angles ~ρ, as described in § 3.1. The set of parameters x˜ = {τ˜ , ~ρ} is called
the proper time coordinates and the future–cone manifold spanned by these coordinates is
called the proper–time manifold H˜+.
Vice versa, expressing τ as a function of {τ˜ , ~ρ} and defining x(x˜) ≡ {τ(x˜), ~ρ }, we
can write any function fˆ(x) grounded in Ĥ+ as fˆ [x(x˜)] = f˜(x˜). In particular, putting
α˜(x˜) = α[x(x˜)] and γ˜ij(x˜) ≡ γˆij
[
x(x˜)
]
, we can write the squared line–element (3.2.1) and
the metric tensor (3.2.2) respectively as
ds˜2 = dτ˜2 − e2α˜(τ˜ ,~ρ )τ(τ˜ , ~ρ )2γ˜ij(τ˜ , ~ρ ) dρidρj, (i, j = 1, 2, 3) ; (3.2.6)
g˜00(x˜) = g˜00(x˜) = 1; g˜0i(x˜) = g˜
0i(x˜) = 0; g˜ij(x˜) = −τ(τ˜ , ~ρ )2e2α˜(τ,~ρ )γ˜ij(τ˜ , ~ρ ); (3.2.7)
g˜ij(x˜) = −τ(τ˜ , ~ρ )−2e−2α˜(τ,~ρ )γ˜ij(τ˜ , ~ρ );
√
−g˜(x˜) = τ(τ˜ , ~ρ )3e3α˜(τ˜ ,~ρ )
√
γ˜(x˜) ; (3.2.8)
which are manifestly hyperbolic polar. Correspondingly, the Cartan manifold Ĥ+ is re-
placed by a Riemann manifold H˜+, and the covariant derivatives act on a scalar function
f˜(x˜) of proper–time coordinates x˜ ≡ {τ˜ , ~ρ } as follows
D˜µf˜ = ∂˜µf˜ ; D˜µD˜ν f˜ = ∂˜µ∂˜ν f˜ − Γ˜λµν ∂˜λf˜ ; D˜µf˜µ ≡
∂˜µ
(√−g˜ f˜µ)√−g˜ = (∂˜µ + Γ˜λλµ)f˜µ; (3.2.9)
where ∂˜0 = ∂τ˜ , ∂˜i = ∂i, Γ˜
λ
µν =
1
2 g˜
λρ(∂˜µg˜νρ + ∂˜ν g˜µρ − ∂˜ρg˜µν) are the Christoffel symbols
constructed from g˜µν(x) and Γ˜
λ
λµ = ∂˜µ ln
√−g˜ . Accordingly, the conformal Beltrami–
d’Alembert operator (3.2.4) is changed to its proper–time counterpart
D˜2f˜(x˜)=∂2τ˜ f˜(x˜) +
{
∂τ˜ ln
[
τ(x˜)3e3α˜(x˜)
√
γ˜(x˜)
]}
∂τ˜f˜(x˜)−
∂i
[
τ(x˜)eα˜(x)
√
γ˜(x˜)γ˜ij(x˜)∂j f˜(x˜)
]
τ3(x˜)e3α˜(x˜)
√
γ˜(x˜)
.
(3.2.10)
It is then evident that these coordinates are of the hyperbolic polar type.
3.3 Milne spacetime in kinematic–time coordinates
If spacetime is flat, the most suitable parametrization of a future cone is provided by
adimensional parameters xµ, which optimally represent the symmetry of orthochronous
inversion I0, i.e., the kinematic–time coordinates centered at x = 0. These comprise
kinematic time τ , hyperbolic angle ̺ (0 ≤ ̺ ≤ ∞) and Euler angles {θ, φ}, which are
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related to orthogonal Lorentzian coordinates x = {x0, x1, x2, x3} by equations
x0 = τ cosh ̺ ; x1 = τ sinh ̺ sin θ cosφ ;
x2 = τ sinh ̺ sin θ sinφ ; x3 = τ sinh ̺ cos θ .
The squared line–element ds2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 is then
ds2 = dτ2 − τ2[d̺2 + (sinh ̺)2dθ2 + (sinh ̺ sin θ)2dφ2] . (3.3.1)
A future cone of the Minkowski spacetime parameterized by these coordinates is known
as the Milne universe (Mukhanov, 2005) [19], or Milne spacetime M+0 .
Since the covariant metric tensor and its contravariant companion, respectively,
gµν(x) = diag
[
1,−τ2,−(τ sinh ̺)2,−(τ sinh ̺ sin θ)2] , (3.3.2)
gµν(x) = diag
[
1,− 1
τ2
,− 1
(τ sinh ̺)2
,− 1
(τ sinh ̺ sin θ)2
]
, (3.3.3)
are diagonal, the kinematic–time coordinates are also orthogonal. Therefore, the determi-
nant and spacetime volume element of this metric are, respectively,
g(x) = −τ6(sinh ̺)4(sin θ)2 and
√
−g(x) dx4 ≡ τ3(sinh ̺)2 sin θ dτ dρ dθ dφ .
Defining ~ρ = {ρ, θ, φ} ≡ {ρ1, ρ2, ρ3}, we can write xµ = xµ(τ, ~ρ) and the 4–velocity
along the direction of xµ as uµ ≡ ∂τxµ = xµ/τ . Thus we have uµuµ = ηµνuµuν =
(u0)2 − |~u|2 = 1.
3
( , ) ( )dV d? ? ? ?? ?
( )d ??
0? ?
?
1? ?
sinhr ?? ?
Figure 3: Milne spacetimeM+0 in kinematic–
time coordinates. The position of a point on a
hyperboloid is determined by kinematic time
τ and hyperbolic–Euler angles ~ρ = {̺, θ, φ}.
The spacetime–volume element at x ≡ {τ, ~ρ }
may be written as d4x ≡ dV (τ, ~ρ ) dτ =
τ3dΩ(~ρ ) dτ , where dΩ(~ρ ) is the volume el-
ement of the hyperbolic–Euler–angle space.
Fig. 3 illustrates the structure of Milne spacetime M+0 together with the profiles of
the unit hyperboloid and the hyperboloid at conformal time τ . The volume element
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of the hyperbolic–Euler–angle space and the 3D volume element of the hyperboloid at
conformal–time τ are respectively
dΩ(~ρ ) ≡ (sinh ̺)2 sin θ d̺ dθ dφ ; dΩτ (~ρ ) ≡ τ3dΩ(~ρ ) . (3.3.4)
Therefore, the spacetime volume element is
√
−g(x) d4x = τ3dΩ(~ρ ) dτ ≡ dΩτ (~ρ) dτ . The
squared gradient of a scalar function f(τ, ~ρ ) is gµν(∂µf)(∂νf) = (∂τ )
2−|~∇Ωf |2/τ2, where
|~∇Ωf |2 = (∂̺f)2 + (∂θf)
2
(sinh ̺)2
+
(∂φf)
2
(sinh ̺ sin θ)2
. (3.3.5)
The only nonzero Christoffel symbols constructed from metric tensor (3.3.2) are
Γ011 = τ ; Γ
0
22 = τ sinh
2ρ; Γ033 = τ(sinh ̺ sin θ)
2; Γ110 = Γ
2
20 = Γ
3
30 =
1
τ
; Γ332 = cot θ;
Γ221 = Γ
3
31 = coth ρ; Γ
2
33 = − sinθ cosθ; Γ122 = − sinhρ coshρ; Γ133 = − sinhρ coshρ sin2θ ;
and the Beltrami–d’Alembert operator is D2f = ∂2τ f + 3τ
−1∂τf − τ−2∆Ωf , where
∆Ω f ≡ 1
(sinh ̺)2
{
∂̺
[
(sinh ̺)2∂ρf
]
+
1
sin θ
∂θ(sin θ ∂θf) +
1
(sin θ)2
∂2φf
}
(3.3.6)
is the 3D Laplacian operator in the hyperbolic–Euler–angle space.
This operator has a complete set of orthonormalized eigenfunctions Φkˆ(~ρ ) labeled by
the hyperbolic momentum eigenvalues
kˆ = {k, l,m} , where 0 ≤ k < +∞ ; l = 0, 1, 2, . . . ; −l ≤ m ≤ l ;
and a continuous spectrum of eigenvalues −(k2 + 1) [20]; precisely, we have:
Φkˆ(~ρ ) ≡ Φ{k,l,m}(~ρ ) =
1√
sinh ̺
∣∣∣∣Γ(ik + l + 1)Γ(ik)
∣∣∣∣P−l−1/2ik−1/2 (cosh ̺)Y ml (θ, φ) ;∫
K
Φ∗
kˆ
(~ρ1)Φkˆ(~ρ2) d
3kˆ ≡
∑
l,m
∫ +∞
0
Φ∗{k,l,m}(~ρ1)Φ{k,l,m}(~ρ2) dk = δ
3
Ω(~ρ2 − ~ρ1) ;
(
∆Ω + k
2 + 1
)
Φkˆ(~ρ ) = 0 ;
∫
Ω
Φ∗
kˆ
(~ρ )Φkˆ′(~ρ ) dΩ(~ρ ) = δ
3
K(kˆ − kˆ′) ;∫
Ω
[
~∇ΩΦ∗kˆ(~ρ )
]·[~∇ΩΦkˆ′(~ρ )]dΩ(~ρ ) = (k2 + 1)δ3K(kˆ − kˆ′); ∑
l,m
|Φ{k,l,m}(~ρ )|2 =
k2
2π2
.
where Pµλ (cosh ̺) are associated Legendre polynomials with subscripts and superscripts
on the complex domain, Y ml (θ, φ) are the familiar 3D spherical harmonics, K is the in-
tegration volume of hyperbolic–momentum vectors kˆ, d3kˆ its volume element, dΩ(~ρ ) =
(sinh ̺)2 sin θ d̺ dθ dφ and the Dirac deltas are defined as follows∫
Ω
δ3Ω(~ρ2 − ~ρ1) dΩ(~ρ ) = 1 , δ3K(kˆ − kˆ′) = δl′l δm′m δ(k − k′) .
R.Nobili, The Conformal Universe II 26
3.4 Accelerated Milne spacetime in kinematic–time coordinates
The evidence that the universe on the large scale is homogeneous and isotropic has been
enriched by the discovery that its expansion is slightly accelerated [22] [23]. The simplest
explanation of this fact is that the Milne spacetime is affected by a small positive cosmo-
logical constant Λ or, which is the same thing, by a spacetime curvature R = −4Λ, where
R is the Ricci scalar. We shall call this accelerated Milne spacetime M+.
To account for this property, we can give metric tensor (3.3.2) the Robertson–Walker
metric of an open universe [24]; namely,
gµν(x) = diag
[
1,−c(τ)2,−c(τ)2 sinh ̺2,−c(τ)2(sinh ̺ sin θ)2] , (3.4.1)
with the condition that c(τ) assures a negative constant curvature. We shall also require
the coordinates of this metric to be hyperbolic polar, i.e., they must satisfy the condition
limτ→0 c(τ)/τ → 1, so that the geodesics stemming from the origin of the future cone can
be labeled by ~ρ, as described in § 3.1.
Since metric (3.4.1) is diagonal, we can use Eqs (A-2) of Part I to obtain the only
nonzero Christoffel symbols:
Γ101 = Γ
1
10 = Γ
2
02 = Γ
2
20 = Γ
3
03 = Γ
3
30 =
c˙
c
; Γ011 = c c˙; Γ
0
22 = c c˙ (sinh ̺)
2;
Γ122 = − sinh ̺ cosh ̺ ; Γ221 = Γ212 = Γ331 = Γ313 =
cosh ̺
sinh ̺
; Γ323 = Γ
3
32 =
cos θ
sin θ
;
Γ033 = c c˙ (sinh ̺)
2(sin θ)2 ; Γ133 = − sinh ̺ cosh ̺ (sin θ)2 ; Γ233 = − sin θ cos θ ;
Γρ0ρ = Γ
ρ
ρ 0 = 3
c˙
c
; Γρρ1 = Γ
ρ
1ρ = 2
cosh ̺
sinh ̺
; Γρ2ρ = Γ
ρ
ρ2 =
cos θ
sin θ
; Γρ3ρ = Γ
ρ
ρ3 = 0.
Γλ0ρΓ
ρ
0λ = 3 c˙
2; Γλ1ρΓ
ρ
1λ = 2c˙
2; Γλ2ρΓ
ρ
2λ = 2 c˙
2(sinh ̺)2 − 2(cosh ̺)2 + (cos θ)
2
(sin θ)2
;
Γλ3ρΓ
ρ
3λ = 2c˙
2(sinh ̺)2(sin θ)2 − 2(cosh ̺)2(sin θ)2 − 2(cos θ)2 . (3.4.2)
Using Rµν = gµλ(∂ρΓ
ρ
λν − ∂νΓρλρ + ΓσλνΓρσρ − ΓσλρΓρσν), we obtain the components of the
mixed Ricci–tensor:
R00 = −3
c¨
c
; Rij = −δij
(
c¨
c
+ 2
c˙2 − 1
c2
)
; Ri0 = 0, (i, j = 1, 2, 3);
R = −6
(
c¨
c
+
c˙2 − 1
c2
)
; G00 = 3
c˙2 − 1
c2
; Gii = 2
c¨
c
+
c˙2 − 1
c2
; (3.4.3)
where, δij is the Kronecker delta, the repeated index i is not summed and G
µ
ν = R
µ
ν−δµνR/2
is the Einstein gravitational tensor.
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The reader can easily verify that Rµν = 0 if and only if a(τ) = τ − τ0, where τ0 is
a constant, and that the squared gradient, the Beltrami–d’Alembert operator and the
double covariant derivatives are, respectively,
(
Dµf
)(
Dµf
)
= (∂τ )
2 − 1
c2
|~∇Ωf |2 ; (3.4.4)
D2f = ∂2τf + 3
(
∂τ log c
)
∂τf − 1
c2
∆Ωf ; (3.4.5)
DµDνf = Dµ∂νf = ∂µ∂νf − Γλµν∂λf , (3.4.6)
with ~∇Ωf and ∆Ωf defined as in § 3.3 and Γλµν given by Eqs (3.4.2).
For an empty universe of cosmological constant Λ, we have
R = −4Λ, Rµν = −Gµν = −Λ δµν =
R
4
δµν , hence
c¨
c
=
c˙2 − 1
c2
=
Λ
3
. (3.4.7)
The Riemann tensor is then Rµνρσ = (R/12)
(
gµρgνσ − gµνgρσ
)
and the Weyl tensor Cµνρσ
vanishes (see end of Appendix to Part I).
As the reader can easily check, the solution to the last of Eqs (3.4.7) is c(τ) =
τΛ sinh(τ/τΛ) = τ(1 + τ
2/6τ2Λ + . . . ) where τΛ =
√
3/Λ. Since astronomic data sug-
gest Λ ≃ 10−35 s−2, we obtain τΛ ≃ 2.74× 1017s. Quite surprisingly, this is about half the
currently estimated age of universe τU ≃ 4.38 × 1017s.
Therefore, during the short inflationary epoch, and as long as τ ≪ τU , the coordinates
of metric (3.4.1) are well approximated by the kinematic–time coordinates described in
§ 3.3. The distortion imparted by the negative curvature to Milne spacetime M+0 shown
in Fig. 3 is qualitatively represented in Fig. 4.
1? ?
3
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( )sinhr c ? ??
?
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3
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Figure 4: Accelerated Milne spacetime M+ in
kinematic–time coordinates. Moving along a polar
geodesic from kinematic time 1 to kinematic time τ ,
the volume element of the hyperboloid changes from
dV (1, ~ρ ) = c(1)3dΩ(~ρ ) to dV (τ, ~ρ ) = c(τ)3dΩ(~ρ ),
where dΩ(~ρ ) = (sinh ̺)2 sin θ d̺ dθ dφ is the vol-
ume element of the hyperbolic–Euler angles and
c(τ) = τΛ sinh(τ/τΛ), with τΛ =
√
3 /Λ.
To complete our analysis, we assume that, during most of the history of the universe
all departures from homogeneity and isotropy have been small, so that they can be treated
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as first–order perturbations. We can then represent the perturbed metric of M+ as g¯µν =
gµν+hµν , where gµν is the unperturbedmetric (3.4.1) and hµν a small perturbation. Hence,
the contravariant perturbation is hµν = gµρgνσhρσ. The Christoffel symbols then become
perturbed, as follows δΓλµν =
1
2g
λρ
(
∂µhνρ+ ∂νhµρ− ∂ρhµν − 2Γσµνhρσ
)
. Replacing in these
the expressions for Γλµν listed in Eqs (3.4.2), we obtain the only nonzero perturbations:
δΓ000 =
h˙00
2
; δΓ00i =
∂ih00 − 2h0i cc˙
2
; δΓ100 =
∂1h00 − 2 h˙01
2c2
; δΓ200 =
∂2h00 − 2 h˙02
2 c2(sinh ̺)2
;
δΓ300 =
∂3h00 − 2 h˙03
2 c2(sinh ̺ sin θ)2
; δΓ101 = −
h˙11 + 2h11 c˙/c
2 c2
; δΓ202 = −
h˙22 + 2h22 c˙/c
2 c2(sinh ̺)2
;
δΓ201 =
∂2h01 − ∂1h12 − h˙12 + 2h12 c˙/c
2 c2(sinh ̺)2
; δΓ301 =
∂3h01 − ∂1h13 − h˙13 + 2h13 c˙/c
2 c2(sinh ̺ sin θ)2
;
δΓ102 =
∂1h02 − ∂2h01 − h˙12 + 2h12 c˙/c
2 c2
; δΓ302 =
∂3h02 − ∂2h03 − h˙23 + 2h23 c˙/c
2 c2(sinh ̺ sin θ)2
;
δΓ103 =
∂1h03 − h˙13 − ∂3h01 + 2h13 c˙/c
2 c2
; δΓ203 =
∂2h03 − ∂3h02 − h˙23 + 2h23 c˙/c
2 c2(sinh ̺)2
;
δΓ303 = −
h˙33 + 2h33 c˙/c
2 c2(sinh ̺ sin θ)2
; δΓ313 =
2coth̺ h33 − ∂1h33
2c2(sinh ̺ sin θ)2
; δΓ323 =
2coth̺ h33 − ∂2h33
2c2(sinh ̺ sin θ)2
;
δΓ011 = ∂1h01 −
h˙11
2
− cc˙ h00; δΓ022 = ∂2h02 −
h˙22
2
− cc˙ h00(sinh ̺)2 + h01 sinh ̺ cosh ρ;
δΓ033 = ∂3h03 −
1
2
h˙33 − c c˙ (sinh ̺ sin θ)2h00 + sinh ̺ cosh ̺(sin θ)2 h01 + sin θ cos θh02 ;
δΓ111 = −
∂1h11 + 2 cc˙ h01
2 c2
; δΓ211 =
∂2h11 − 2 ∂1h12 + 2 cc˙ h01
2 c2(sinh ̺)2
;
δΓ311 =
∂3h11 − 2 ∂1h13 + 2 cc˙ h01
2 c2(sinh ̺ sin θ)2
; δΓ112 =
2coth ̺ h12 − ∂2h11
2 c2
;
δΓ212 =
2coth ̺ h22 − ∂1h22
2 c2(sinh ̺)2
; δΓ312 =
∂3h12 − ∂1h23 − ∂2h13 + 2 coth ̺ h23
2 c2(sinh ̺ sin θ)2
;
δΓ113 =
2coth ̺ h13 − ∂3h11
2 c2
; δΓ213 =
∂3h12 − ∂1h23 − ∂2h13 + 2 coth ̺ h23
2 c2(sinh ̺)2
;
Using Ricci’s formula δRµν = ∂ρδΓ
ρ
λν − ∂νδΓρλρ + ΓσλνδΓρσρ − ΓσλρδΓρσν , we obtain
δR00 = δR
0
0 =
1
2 c2
[
∇2Ωh00 + 3 c c˙ h˙00 − 2 ∂ih˙0i + h¨ii −
2 c˙
c
h˙ii + 2
(
c¨
c
− c˙
2
c2
)
hii
]
, (3.4.8)
where ∂1 ≡ ∂ρ, ∂2 ≡ ∂θ, ∂3 ≡ ∂φ, ∂ih0i ≡
∑
i |gii| ∂ih0i, ∇2Ωh00 ≡
∑
i |gii| ∂2i h00, and
hii =
∑
i |gii|hii, where gii = 1/gii and i = 1, 2, 3.
A perturbation of particular interest is hµν(τ, ~ρ ) = diag [2 c(τ)
2Φ(~ρ ), 0, 0, 0], where
Φ(~ρ ) is a static Newtonian potential and c(τ) the acceleration factor. In this case, Eq
(3.4.8) simplifies to Poisson equation δR00(~ρ ) = ∇2ΩΦ(~ρ ).
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3.5 Milne spacetime in conformal– and proper–time coordinates
Metric tensor gµν(τ, ~ρ ) of the Milne spacetime M
+
0 in kinematic–time coordinates is re-
lated to the fundamental tensor of the Milne Cartan spacetime M̂+0 in conformal–time
coordinates by equation gˆµν(τ, ~ρ ) = e
2α(τ)gµν(τ, ~ρ ), with α(x) only depending on τ .
Therefore, the squared line–element and the fundamental tensor of M̂+0 are, respec-
tively,
dsˆ2= e2α(τ)d2s = e2α(τ)
{
dτ2 − τ2[d̺2+ (sinh ̺)2dθ2+ (sinh ̺ sin θ)2dφ2]}; (3.5.1)
gˆµν(x) = e
2α(τ)diag
[
1,−τ2,−τ2 sinh ̺2,−τ2 sinh ̺2 sin θ2]; (3.5.2)
Consequently, the squared gradient, Beltrami–d’Alembert operator and double covariant
derivatives of a scalar function fˆ(τ, ~ρ ) are, respectively,
(
Dˆµfˆ
)
Dˆµfˆ =
(∂τ fˆ)
2
e2α(τ)
− 1
τ2e2α(τ)
|~∇Ωfˆ |2 ; (3.5.3)
Dˆ2fˆ =
∂2τ fˆ
e2α(τ)
+
∂τ ln
[
τ3e2α(τ)
]
e2α(τ)
∂τ fˆ − 1
τ2e2α(τ)
∆Ωfˆ ; (3.5.4)
DˆµDˆν fˆ = Dˆµ∂ν fˆ = ∂µ∂ν fˆ − Γˆλµν∂λfˆ , (3.5.5)
where Γˆλµν(x) are the conformal Christoffel symbols derived from gˆµν(x).
In passing to proper–time coordinates, as indicated in § 3.2, Eqs (3.5.1) (3.5.2) become
ds˜2 = dτ˜2 − τ(τ˜)2e2α˜(τ˜)[d̺2+ (sinh ̺)2dθ2+ (sinh ̺ sin θ)2dφ2]; (3.5.6)
g˜µν(x˜) = diag
[
1,−τ(τ˜ )2e2α˜(τ˜ ) − τ(τ˜)2e2α˜(τ˜) sinh ̺2,−τ(τ˜)2e2α˜(τ˜) sinh ̺2 sin θ2]; (3.5.7)
where, in virtue of the homogeneity and isotropy of M̂+0 , τ(x˜) only depends on τ˜ .
Therefore, we also have
√
−g˜(x˜) = e3α˜(τ˜)
√
−g[τ(τ˜ ), ~ρ ] ; d4x˜ ≡ τ(τ˜)3 dΩ(~ρ ) eα˜(τ˜)dτ ≡ τ(x˜)3 dΩ(~ρ ) dτ˜ ; (3.5.8)
where ∂˜µ = {∂τ˜ , ∂̺, ∂θ, ∂φ} are proper–time partial derivatives, ∂˜µ = g˜µν(τ˜ , ~ρ )∂˜ν the
contravariant ones and, in particular, ∂τ˜ = e
−α˜(τ˜)∂τ and ∂
τ˜ ≡ ∂τ˜ . Therefore, covariant
derivatives D˜µ act on a scalar function f˜(x˜) ≡ f˜(τ˜ , ~ρ ) as ∂˜µ∂˜ν f˜(x˜)− Γ˜λµν(x˜)∂˜λf˜(x˜). Since
metric tensor (3.5.7) has the same structure as (3.4.1), but with τ(τ˜)eα˜(τ˜ ) in place of c(τ)
and τ˜ in place of τ , Γ˜λµν(x˜) mimic the symbols listed in Eqs (3.4.2). In particular, we obtain
Γ˜j0i = δ
j
i ∂τ˜ ln
[
τ(τ˜) eα˜(τ˜)
]
; Γ˜011 =
1
2∂τ˜
[
τ(τ˜ ) eα˜(τ˜)
]2
; Γ˜022 = Γ˜
0
11(sinh ̺)
2; Γ˜033 = Γ˜
0
22(sin θ)
2.
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Hence, we have
D˜0f˜ = ∂τ˜ f˜ ; D˜if˜ = ∂if˜ ; D˜0D˜0 = ∂
2
τ˜ f˜ ; D˜iD˜0f˜ = 0 , (3.5.9)
and the squared gradient of f˜(τ˜) and Eq (3.2.10) specialize to(
D˜µf˜
)
D˜µf˜ = g˜
µν
(
∂˜µf˜
)(
∂˜ν f˜
)
=
(
∂τ˜ f˜
)2 − 1
τ(τ˜)2e2α˜(τ˜)
|~∇Ωf˜ |2; (3.5.10)
D˜2f˜ = ∂2τ˜ f˜ + 3
{
∂τ˜ ln
[
τ(τ˜) eα˜(τ˜)
]}
∂τ˜ f˜ − 1
τ(τ˜ )2e2α˜(τ˜ )
∆Ωf˜ . (3.5.11)
Since e2α˜(x˜) is intended to represent the spatial inflation factor of the Milne spacetime
introduced in 3.3, we call it inflated Milne spacetime M˜+0 .
In this case, as illustrated in Fig. 5, the ratio between the lengths ∆L˜1, ∆L˜2 of two
radial intervals, respectively comoving with the 3D–spaces of synchronized observers at
proper times τ˜1 and τ˜2, is ∆L˜2/∆L˜1 = τ(τ˜2) e
α˜(τ˜2)/τ(τ˜1) e
α˜(τ˜1). Instead, the measurement
units of all physical quantities are preserved.
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Figure 5: Qualitative features of inflated Milne space-
time M˜+0 in proper–time coordinates. Passing from
proper time τ˜1 to proper time τ˜2, the length ∆L˜
of a comoving radial interval, as well as the mea-
surement unit of length, increases by a factor of
τ(τ˜2)e
α˜(τ˜2)/τ(τ˜1)e
α˜(τ˜1). Since we expect the profile of
eα˜(τ˜) to be sigmoidal, we also expect an increasing
flattening of hyperboloids in the apical region of the
future cone.
Note that, instead, in the flat Milne spacetime represented in Fig. 3, the lengths would
increase by a ratio of τ2/τ1, and the measurement unit of a physical quantity of dimension
n would increase by a factor of en[α(τ2)−α(τ1)].
By contrast, as shown in Fig. 5, all worldlines of M˜+0 are the geodesics stemming
from the future cone origin O. All comoving reference frames, which on the Riemann
manifold are synchronized and at rest in a 3D space labeled by conformal time τ , are also
synchronized and at rest in a 3D space labeled by the proper time τ˜ of M˜+0 .
If the fundamental tensor is not conformally flat, which may happen in the presence
of gravitational forces, the axial symmetry of Milne spacetime is generally lost, in both
conformal–time and proper–time representations.
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Figure 6: Generally future–cone manifold H˜+ in
proper–time coordinates {τ˜ , ~ρ }. The worldline of a
particle comoving with the expanding universe is a
geodesic Γ˜(~ρ) stemming from the future–cone originO,
with running point {τ˜ , ~ρ }. Each geodesic is uniquely
determined by hyperbolic–Euler angles ~ρ measured at
O. Therefore, proper time τ˜ labels the 3D spaces of
synchronized comoving observers.
In Fig. 6, the main features of a general future–cone manifold H˜+ parameterized by
proper–time coordinates {τ˜ , ~ρ } are sketched. As the matter field collapses under the action
of gravitational forces, the geodesics, as well as the 3D spaces labeled by τ˜ , become more
and more irregular and twisted in the course of time.
3.6 Inflated–accelerated Milne spacetime in proper–time coordinates
In converting to proper–time coordinates the metric of the accelerated Milne spacetime
represented in Fig. 3, as described in § 3.5, the squared line–element of a worldline and the
metric tensor take the inflated–accelerated form
ds˜2 = dτ˜2 − e2α˜(τ˜) c˜(τ˜)2[d̺2 + (sinh ̺)2dθ2 + (sinh ̺ sin θ)2dφ2] , (3.6.1)
g˜µν(x˜) = diag
[
1,−e2α˜(τ˜)c˜(τ˜)2,−e2α˜(τ˜ )c˜(τ˜)2sinh ̺2,−e2α˜(τ˜ )c˜(τ˜)2sinh ̺2 sin θ2
]
; (3.6.2)
where c˜(τ˜ ) ≡ c[τ(τ˜ )] represents the accelerated–expansion factor and eα˜(τ˜ ) ≡ eα[τ(τ˜ )] the
inflation factor of the fundamental tensor of the Cartan manifold in proper–time coordi-
nates. Note that the scale factor now acts only on spatial components.
Accordingly, the relevant differential operators are(
D˜µf˜
)
D˜µf˜ =
(
∂τ˜ f˜
)2− 1
[c˜(τ˜) eα˜(τ˜ )]2
|~∇Ωf˜ |2; D˜µD˜ν f˜ = ∂˜µ∂˜ν f˜ − Γ˜ρµν(τ˜ , ~ρ ) ∂˜ρf˜ ; (3.6.3)
D˜2f˜ = ∂2τ˜ f˜ + 3
{
∂τ˜ ln
[
c˜(τ˜) eα˜(τ˜ )
]}
∂τ˜ f˜ − 1
[c˜(τ˜) eα˜(τ˜)]2
∆Ωf˜ ; (3.6.4)
where f˜(x˜), ∂˜µf˜ , D˜µD˜ν f˜ and Γ˜
ρ
µν are defined as in Eqs (3.5.9),
∣∣~∇Ωf˜ ∣∣2 as in Eq (3.3.5)
and ∆Ωf˜ as in Eq (3.3.6).
This further generalization M˜+0 will be called the inflated–accelerated Milne spacetime
M˜+. We expect that it represents the geometry of our universe on the large scale.
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As in § 3.5, the Christoffel symbols Γ˜ρµν(τ˜ , ~ρ ) in the second of Eqs (3.6.3) can be
obtained from those listed in Eqs (3.4.2) by replacing c(τ), c˙(τ) and c¨(τ), respectively, with
a˜(τ˜) = c˜(τ˜) eα˜(τ˜), ˙˜a(τ˜) = ∂τ˜ [c˜(τ˜) e
α˜(τ˜ )] and ¨˜a(τ˜) = ∂2τ˜ [a˜(τ˜) e
α˜(τ˜)]. In particular, we obtain
Γ˜j0i = δ
j
i ∂τ˜ ln
[
a˜(τ˜) eα˜(τ˜)
]
; Γ˜011 =
1
2∂τ˜
[
a˜(τ˜ ) eα˜(τ˜)
]2
; Γ˜022 = Γ˜
0
11(sinh ̺)
2; Γ˜033 = Γ˜
0
22(sin θ)
2.
Carrying out these replacements in Eqs (3.4.3), we obtain the following mixed compo-
nents of the Ricci tensors in proper–time coordinates
R˜00(τ˜ ) = −3
¨˜a(τ˜ )
a˜(τ˜ )
; R˜ij(τ˜) = −δij
[ ¨˜a(τ˜ )
a˜(τ˜)
+ 2
˙˜a(τ˜ )2−1
a˜(τ˜)
]
; R˜i0(τ˜) = 0; (i, j = 1, 2, 3);
R˜(τ˜) ≡ R˜µµ(τ˜ ) = −6
{ ¨˜a(τ˜)
a˜(τ˜)
+
˙˜a(τ˜)2−1
a˜(τ˜)2
}
; (3.6.5)
G˜00(τ˜) = 3
˙˜a(τ˜ )2−1
a˜(τ˜)2
; G˜ij(τ˜) = δ
i
j
[
2
¨˜a(τ˜ )
a˜(τ˜ )
+
˙˜a(τ˜)2−1
a˜(τ˜ )2
]
, where G˜µν (τ˜) ≡ R˜µν (τ˜)−
δµν
2
R˜(τ˜);
Since in the following we prove that eα˜(τ˜ ) has a sigmoid–shaped profile, the deformation
of M+0 resulting from the combined action of inflation and accelerated expansion has
approximately the shape illustrated in Fig. 7.
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( )?? ? Figure 7: Qualitative features of the inflated–
accelerated Milne spacetime M˜+ in proper–
time coordinates, showing the effects of infla-
tion factor eα˜(τ˜) and acceleration factor c˜(τ˜ ).
During the early–inflationary and transition
epochs, the deformation is similar to that of
Fig. 3 and, during the accelerated–expansion
era, it is similar to that of Fig. 5.
Quantity
H˜(τ˜) ≡ ∂τ˜ ln a˜(x˜) = e−α(τ)∂τ ln a(τ)
∣∣
τ=τ(τ˜)
=
c˙(τ)
c(τ)eα(τ)
+
α˙(τ)
eα(τ)
∣∣∣∣
τ=τ(τ˜)
, (3.6.6)
where equation ∂τ˜ = e
α(τ)∂τ is used, is the Hubble parameter of the universe on the large
scale in proper-time coordinates [25]. Carrying out the analysis of perturbations as in
§ 3.4, and replacing c(τ) with a˜(τ˜ ) and f˙ ≡ ∂τf with ˙˜f ≡ ∂τ˜ f˜ , we obtain from Eq (3.4.8)
δR˜00 = δR˜
0
0 =
1
2 a˜2
[
∇2Ωh˜00 + 3 a˜ ˙˜a ˙˜h00 − 2 ∂i ˙˜h0i + ¨˜hii −
2 ˙˜a
a˜
˙˜hii + 2
( ¨˜a
a˜
−
˙˜a2
a˜2
)
h˜ii
]
. (3.6.7)
Thus, for a static Newtonian perturbation of the form h˜µν(τ˜ , ~ρ ) = diag[2 a˜(τ˜)
2Φ(~ρ ), 0, 0, 0],
we obtain Poisson equation δR˜00(~ρ ) = ∇2ΩΦ(~ρ ), as at the end of § 3.4.
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4 Brief digression on standard inflationary cosmology
The metric of CGR spacetime may be called conical because the spontaneous breakdown
of conformal symmetry primes the opening of an inflated–accelerated future cone which
contains the entire history of the universe. This future cone is internally foliated by
3D hyperboloids and spanned by the worldlines which stem from the cone origin. The
metrics assumed in standard cosmology may be instead called cylindrical, as here the
entire spacetime is foliated into a set of 3D–spaces orthogonal to the time axis. Of this
type are, for instance, the Robertson–Walker metrics of general form
ds2 = dt2 − a2(t)
[
dr2
1−Kr2 + r
2dθ2 + r2
(
sin θ
)2
dφ2
]
. (4.0.1)
Here, r is not the radius of a polar–coordinate system but an adimensional parameter,
a(t) is a non–negative scale factor with dimension of length, {θ, φ} are Euler angles, and
K = 1, 0,−1, according to whether the 3D–space curvature is positive, zero or negative
[26]; thus, we can regard R(t) = a(t) r as the evolving radius of curvature of the 3D–space.
For a homogeneous and isotropic universe described in comoving coordinates, the
nonzero components of matter EM–tensor T µν and gravitational tensor G
µ
ν = R
µ
ν − 12 δµνR
are, respectively,
T 00 = ρE + ρvac, T
i
i = −p+ ρvac and G00 = 3
a˙2 +K
a2
, Gii = 2
a¨
a
+
a˙2 +K
a2
,
where ρE > 0 is the matter energy density, p the pressure of the matter field regarded as
a homogeneous fluid, and ρvac the cosmological constant as nonnegative vacuum energy–
density. Therefore, Einstein’s gravitational equations Gµν = κT
µ
ν , where κ is the gravita-
tional coupling constant, takes the form of Friedmann–Lemaˆıtre equations [27] [28]
a¨
a
= −κ
6
(
ρE + 3 p− 2 ρvac
)
,
a˙2 +K
a2
=
κ
3
(
ρE + ρvac
)
=⇒ a˙
a
= − ρ˙E
3
(
ρE + p
) . (4.0.2)
Since astronomic data corroborated by theoretical arguments [29] support the hypothesis
that spatial curvature is zero, we put K = 0; therefore, Eqs 4.0.2 simplify to
a¨
a
= −κ
6
(
ρE + 3 p − 2 ρvac
)
;
a˙2
a2
=
κ
3
(
ρE + ρvac
)
=⇒ a˙
a
= − ρ˙E
3
(
ρE + p
) . (4.0.3)
Since ρE + ρvac > 0, the universe must always be either expanding (a˙ > 0) or contracting
(a˙ < 0). Astronomic data support the first assumption. Now let us assume ρE+3 p > 2 ρvac,
so that a¨(t) < 0. Then, going backward in time, we find a time, say, t = 0, at which
a(0) = 0. In this singular state, all spacelike volumes shrink to zero, the EM–tensors of
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matter, ΘMµν ≡ Tµν , and of geometry, ΘGµν ≡ −κ−1Gµν , converge respectively to +∞ and
−∞. These singular limits are unavoidable as, although related by Einstein’s gravitational
equation ΘMµν +Θ
G
µν = 0, the two tensors are separately conserved.
This difficulty can be bypassed by dating the birth of the universe at Planck time
tP l ≈ 10−43s, when matter consisted of a gas of free relativistic particles in thermal
equilibrium at Planck temperature TP l ≈ 1018GeV and all spherical regions of Planck
radius rP l = c tP l ≈ 1.6 × 10−35m (where c is the speed of light) were homogeneous and
isotropic. It is reasonable to assume that regions separated by more than 2 rP l should
evolve independently of each other.
In these extreme initial conditions, the pressure is mostly due to zero–mass and nearly
zero–mass particles (electromagnetic radiation and neutrinos), and is therefore related to
the energy density by equation p = ρE/3. Therefore, the solution to the third of Eqs
(4.0.3) is simply ρE = C/a
4, where C is a positive constant.
On the other hand, thermodynamics teaches us that ρE is related to temperature
T by equation ρE = (π
2g∗/30)T
4 and to entropy density s = (ρE + p)/T by equation
s = (2π2gs∗/45)T
3, where g∗ and gs∗ are the effective degree–of–freedom degeneracies of
ρE and s, respectively [30]; of note, the same value of gs∗ is entitled to the entropy density
of today’s cosmic radiation at temperature TBK ≃ 2.726 oK. Hence, we have aT = const.
Since during homogeneous and isotropic expansion neither heat nor work can be ex-
changed between adjacent portions of matter, the amount of entropy ∆S = s(t) a(t)3∆Ω
of the matter contained in any expanding volume element ∆V = a(t)3∆Ω, where ∆Ω is a
comoving solid angle, is conserved. Hence, we have a(t1)/a(t2) = T (t2)/T (t1).
We are now in a position to evaluate the size r0 of the Planckian sphere collection at
t = tPL, which has evolved to the homogeneous and isotropic domain of the universe that
we admire at present time tU; a domain which is at least as large as the present horizon
scale rU = c tU ≪ 1028 cm. Since r0 is smaller than rU by scale–factor ratio a(tPL)/a(tU ),
we obtain r0 = c tU T (tU )/T (tP l) ≡ rP l Z, where Z = r0/rP l = 1028. Thus, according to
this simple description of the universe in decelerated expansion, the number of causally
disconnected regions, from which our universe originated, was about Z3 = 1084.
However, the question still remains of how and why the initial chaotic distribution of
zones now described could become as homogeneous and isotropic as it is today.
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The answer provided by standard cosmology is that the decelerated expansion was
preceded by a period of accelerated expansion, called inflation [31], which is possible only if
ρE+3p−2ρvac<0. According to this view, a single Planck sphere at t = tP l, first expanded
adiabatically in acceleration up to time tc−dt by a factor of a(tc−dt)/a(tP l) = T (tP l)/T (tc−
dt), so as to produce a causally connected domain of radius rf = rP l T (tP l)/T (tc−dt);
then, at a critical time tc, it underwent an explosive phase transition (the big bang) which
raised the temperature to T (tc+ dt) = Z T (tc−dt), and, afterward, continued to expand
adiabatically in deceleration to t = tU . So, in the end, we obtain r0 ≈ rP l, as desired.
Unfortunately, this ad hoc conjecture is unable to resolve other stringent problems.
In particular, it does not explain why the cosmic microwave background (CMB) of the
celestial sphere appears to be spotted by temperature anisotropies in the order of ǫ =
|δT/T | ≈ 10−5, which, because of entropy conservation, are presumed to preserve the
original pattern imprinted at big bang time tf until the formation of large–scale structures.
To explain this phenomenology, some cosmologists [32] [33] [34] have postulated the
existence of a sort of super–Higgs field of mass M ≃ ǫ TP l ≈ 1013 GeV, i.e., ≈ 1011 times
larger than the mass µH ≃ 126GeV of the Higgs boson detected by LHC experiments, and
have ascribed the CMB anisotropies to primordial quantum fluctuations of this field.
In CGR, there is no need to invoke a super–Higgs field as the factor of inflation and
CMB anisotropies. Here, a ghost scalar field σ(x), working as the agent of inflation, and a
Higgs field ϕ(x), with mass parameter proportional to σ(x), arise naturally as NG bosons
of conformal–symmetry breakdown, making it possible that, for a suitable interaction and
initial conditions, a huge transfer of energy from geometry to matter occurs. Also, the
conformal extensions of ΘMµν and Θ
G
µν are not separately conserved and remain finite as
the ϕ–σ interaction promotes the creation of a huge number of Higgs bosons; this lasts
until σ(x) reaches its maximum σ0 =
√
6κ and the mass of ϕ(x) converges to µH . In the
conical spacetime of CGR, although all finite volume elements of 3D–hyperboloids shrink
to zero as τ → 0, the energies of matter and geometry in these volumes remain finite.
In addition, CGR explains the CMB anisotropies as effects of Jeans gravitational insta-
bilities [35], occurring in the Higgs boson gas at big bang time tc, which were enormously
amplified by the Weyl scale factor of fundamental tensor g˜µν because, as we shall see, at
tc, the strength of the gravitational field is multiplied by a factor of Z.
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5 Three equivalent pictures of CGR
The inflationary process created by the spontaneous breakdown of conformal symmetry
has been so far described in three different but equivalent ways:
i) As a manifestly conformal–invariant field theory including a ghost scalar–field σ(x)
grounded on a Riemann manifold H+, the squared–line–element of which has the
general form ds2 = dτ2 − γij(x) dρidρ j , where x ≡ {τ, ~ρ } are the kinematic–time
coordinates described in § 3.1. The metric tensor of H+ is then
[
gµν(x)
] ≡
∣∣∣∣∣∣∣∣∣∣∣
1 0 0 0
0 −γ11(x) −γ12(x) −γ13(x)
0 −γ12(x) −γ22(x) −γ32(x)
0 −γ13(x) −γ23(x) −γ33(x)
∣∣∣∣∣∣∣∣∣∣∣
. (5.0.1)
ii) As a non–manifestly conformal–invariant field theory grounded in a conformally
connected Cartan manifold Hˆ+, the squared line–element of which has the general
form dsˆ2 = e2α(x)ds2, where ds2 is as in i); α(x) is a function of x determined by
the dynamics of the inflationary process, which starts at τ = 0 with a negative value
independent of ~ρ and zero slope, then increases with τ and vanishes at τ → ∞, as
explained in § 3.4 of Part I. The fundamental tensor of Hˆ+ is then
[
gˆµν(x)
] ≡
∣∣∣∣∣∣∣∣∣∣∣
e2α(x) 0 0 0
0 −e2α(x)γ11(x) −e2α(x)γ12(x) −e2α(x)γ13(x)
0 −e2α(x)γ12(x) −e2α(x)γ22(x) −e2α(x)γ32(x)
0 −e2α(x)γ13(x) −e2α(x)γ23(x) −e2α(x)γ33(x)
∣∣∣∣∣∣∣∣∣∣∣
. (5.0.2)
iii) As a non–manifestly conformal–invariant field theory grounded in Riemann manifold
H˜+ obtained by re–parameterizing ii) in the form a conical Robertson–Walker metric
in proper–time coordinates, any squared line–element of which therefore takes the
general form ds˜2 = dτ˜2 − e2α˜(x˜)γ˜ij(x˜)dρidρ j , where τ˜ =
∫ τ
0 e
α(τ¯ ,~ρ )dτ¯ , x˜ ≡ {τ˜ , ~ρ },
α˜(x˜) ≡ α[x(x˜)] and γ˜ij(x˜) ≡ γij [x(x˜)]. The metric tensor of H˜+ is then
[
g˜µν(x˜)
] ≡
∣∣∣∣∣∣∣∣∣∣∣
1 0 0 0
0 −e2α˜(x˜)γ˜11(x˜) −e2α˜(x˜)γ˜12(x˜) −e2α˜(x˜)γ˜13(x˜)
0 −e2α˜(x˜)γ12(x˜) −e2α(x˜)γ˜22(x˜) −e2α˜(x˜)γ˜32(x˜)
0 −e2α˜(x˜)γ˜13(x˜) −e2α˜(x˜)γ˜23(x) −e2α˜(x˜)γ˜33(x˜)
∣∣∣∣∣∣∣∣∣∣∣
. (5.0.3)
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The first way will be called here the kinematic–time picture, as it is the analog of the
kinematic–time representation used by Brout et.al. (1979) in their theory of the causal
universe; the second way, which is characteristic of the Cartan manifold representation,
will be called the conformal–time picture, as it is the analog of the conformal–time repre-
sentation of standard cosmology; the third way is called the proper–time picture, as it is
the analog of the proper–time representation of standard cosmology.
The kinematic–time picture represents the universe as a conformal–symmetric system,
in a state of spontaneously broken conformal symmetry, as may be described by comoving
synchronized observers living in the post–inflation era. Looking back to the past, these
observers interpret all the events occurring during the inflationary epoch as subject to
the action of the dilation field σ(x) ≡
√
6/κ eα(x), where κ is the gravitational coupling
constant. In particular, all quantities of dimension n, including κ, which has n = 2,
are imagined to undergo scale changes of magnitude proportional to enα(x). Possible
anisotropies of this process are explained as metric distortions caused by the gravitational
field. If this is negligible, or can be regarded as a slight perturbation of the metric, the
optimal description is obtained in terms of the kinematic–time coordinates described in
§ 3.4. Otherwise, the spatial components of the metric tensor must be replaced with others,
γij(x), depending on the gravitational field, as described in point i).
The conformal–time picture is a variant of the kinematic–time picture, in which the
action of σ(x) takes the form of a geometric effect of the conformally connected Cartan
manifold. Since in this case σ(x) is replaced by
√
6/κ, the underlying conformal symmetry
is not manifest, so that the action integral assumes the appearance of an Einstein action
integral.
The proper–time picture describes the universe as it might have been seen during
the inflationary epoch, and seen still today, by comoving and coeval observers equipped
with co–scaling rulers but non–co–scaling synchronized clocks. With respect to these
observers, all physical quantities preserve their size but, during the inflationary epoch,
their time scale becomes highly compressed. If the gravitational field is negligible or
small, the best description is obtained in terms of the proper–time coordinates introduced
in § 3.6. Otherwise, the spatial components of the fundamental tensor must be replaced
with γˆij(xˆ), as described in point ii).
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These pictures fully express the concept of relativity with respect to scale changes. We
can move from one to another by replacing an action integral A, grounded in manifold H+,
with its “hat” counterpart Aˆ, grounded in manifold Hˆ+, or with its “tilde” counterpart A˜,
grounded in manifold H˜+. As we are about to prove, these action integrals are functionally
equivalent because they differ at most by a harmless surface term. In the post–inflationary
era, as α(x)→ 0, all of them converge to the gravitational action integral of Einstein.
To prove this, let us consider the relation between the conformal–time picture and the
proper–time picture with regard to conformal invariance. Let
A =
∫
H+
√
−g(x)Lσ(x) d4x (5.0.4)
be the conformal-invariant action–integral of CGR grounded in the Riemann manifoldMR
equipped with the metric tensor gµν(x) described by Eq (5.0.1). The Lagrangian density
Lσ(x) depends explicitly on the ghost scalar–field σ(x) and includes the gravitational
part in the form of the conformal–invariant term −σ2(x)R(x)/12, as described in § 3.4 of
Part I. As discussed in §§ 2.3 and 2.4 of Part I, a Weyl transformation with scale factor
eα(x) = σ(x)/σ0 acts on the local quantities of the theory as follows:
gµν(x)→ gˆµν(x) = e2α(x)gµν(x) ; gµν(x)→ gˆµν(x) = e−2α(x)gµν(x);√
−g(x)→
√
−gˆ(x) = e4α(x)
√
−g(x); Qn(x)→ Qˆn(x) = enα(x)Qn(x);
ϕ(x)→ ϕˆ(x) = e−α(x)ϕ(x); σ(x)→ σˆ(x) = e−α(x)σ(x) ≡ σ0;
Dµ → Dˆµ ; Γλµν(x)→ Γˆλµν(x) ; Rµν(x)→ Rˆµν(x); R(x)→ Rˆ(x) ;
where Qn(x) is any local quantity of dimension n, σ(x) is the ghost scalar field, ϕ(x)
the Higgs–boson field of mass proportional to σ(x), Dµ are respectively the covariant
derivatives and Γλµν(x) the Christoffel symbols derived from the metric tensor (5.0.1) of
H+, Rµν(x) are the Ricci tensor and R(x) the Ricci scalar. The relations between the last
three quantities of the above transformations and their respective ”hat” counterparts are
listed in Eqs (A-15), (A-23), (A-24) of the Appendix to Part I.
Correspondingly, A is transformed to a functionally equivalent action integral
Aˆ =
∫
Hˆ+
√
−gˆ(x) Lˆσ0(x) d4x , (5.0.5)
where Lˆσ0(x) is the total Lagrangian density grounded in the Cartan manifold Hˆ
+ equipped
with the fundamental tensor (5.0.2). Since under the Weyl–transformation σ(x) be-
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comes σ0, all terms of Lσ(x) depending on ∂µσ, in particular, the negative kinetic–energy
term −gµν(∂µσ)(∂νσ)/2, goes to zero and the gravitational term −σ2(x)R(x)/12 goes to
−σ20 Rˆ(x)/12 ≡ −Rˆ(x)/2κ, so that Lˆσ0(x) becomes formally similar, but not substantially
similar, to a Lagrangian density of GR.
To prove the functional equivalence of action integrals (5.0.4) and (5.0.5), consider that
the conformal Ricci scalar Rˆ(x) appearing in Lˆσ0(x) is related to R(x) and e
α(x) ≡ σ(x)/σ0
by Eq (A-24) of Part I, which we rewrite in the form
Rˆ(x) = e−2α(x)
[
R(x)− 6σ(x)−1D2σ(x)] ≡ e−4α(x)
σ20
[
σ(x)2R(x)− 6σ(x)D2σ(x)], (5.0.6)
where D2 is the covariant Beltrami–d’Alembert operator associated with metric tensor
(5.0.1). The importance of Eq (5.0.6) becomes evident when we go back from Aˆ to A,
in which case σ0 must be replaced by σ(x),
√−gˆ(x) by e4α(x)√−g(x) and therefore√
−gˆ(x) σ20Rˆ(x)/12 by
√
−g(x) σ2(x)R(x)/12−
√
−g(x) σ(x)D2σ(x)/2. Now, by virtue of
the well–known ”transparency” properties of covariant derivatives with respect to arbitrary
functions of gµν(x), described by Eqs (A-5) and (A-6) of Part I, we have
σ(x)D2σ(x) ≡ Dµ
[
gµν(x)σ(x) ∂νσ(x)
]− gµν(x)[∂µσ(x)] ∂νσ(x) . (5.0.7)
Therefore, the first term on the right–hand side of Eq (5.0.7), being a surface term, can
be removed from the action integral and we are left with only −gµν(∂µσ) ∂νσ/2, which is
exactly the negative kinetic–energy term of σ(x) contained in Lσ(x).
Lastly, to pass from the conformal–time picture to the proper–time picture, we only
need to express the conformal–time coordinates x of the Cartan manifold Hˆ+, of funda-
mental tensor (5.0.2), as functions of the proper–time coordinates x˜ of the polar Robertson–
Walker manifold H˜+, of metric tensor (5.0.3), so that Aˆ is transformed to action integral,
A˜ =
∫
H˜+
√
−g˜(x˜) L˜σ0(x˜) d4x˜ ,
where L˜σ0(x˜) is the Lagrangian density as a function of ”tilde” local quantities, grounded
in H˜+. All these results condense into the equivalence relationships
A ∼ Aˆ , Aˆ = A˜ , A ∼ A˜ . (5.0.8)
Note that A and A˜, although grounded in different Riemann manifolds, look very
different as regards conformal invariance. In fact, although the conformal invariance of A
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is manifest in the absence of dimensional constants and the vanishing of the EM tensor
trace, instead, the conformal invariance of A˜ is obscured by elimination of the surface
terms in the transition A → Aˆ and the presence of the dimensional terms containing
σ0; in particular, of the term −σ20 R˜(x˜)/12 ≡ −R˜(x˜)/2κ, which is formally equal to the
Einstein–Hilbert Lagrangian density of the gravitational field in GR.
As noted in §§ 2.1 and 2.2, this explicit lack of conformal symmetry, characteristic of
the Cartan and proper–time pictures, can be interpreted as the effect of the spontaneous
breakdown of local conformal symmetry consequent on the fact that, in the conformal–time
picture, the vacuum expectation value of σ(x) is a positive function of x.
As explained in § 1.7, this spontaneous breakdown confines the geometry to the interior
of a Milne spacetime. We can therefore restate the action–integral equivalence in the form
A ≡
∫
M+
√
−g(x)Lσ(x)(x)d4x ∼ Aˆ ≡
∫
M̂+
√
−gˆ(x) Lˆσ0(x)d4x = A˜ ≡
∫
M˜+
√
−g˜(x˜) L˜σ0(x˜)d4x˜,
where M+, M̂+ and M˜+ stand for the generalized Milne spacetimes, respectively in
kinematic–time, Cartan and proper–time pictures.
Since we presume that matter distribution remains homogeneous and isotropic during
the inflationary epoch, we infer that, in these conditions, the spacetime curvature R of
the Milne spacetime M+ is constant. If R = 0, the spacetime–volume elements of Milne
spacetimes M+, M̂+ and M˜+, respectively, are
√
−g(τ, ~ρ ) d4x = dV (τ, ~ρ ) dτ ≡ τ3 dΩ(~ρ ) dτ ; (5.0.9)√
−gˆ(τ, ~ρ ) d4x = dVˆ (τ, ~ρ ) dτ ≡ e4α(τ)τ3 dΩ(~ρ ) dτ ; (5.0.10)√
−g˜(τ˜ , ~ρ ) d4x˜ = dV˜ (τ˜ , ~ρ ) dτ˜ ≡ e3α˜(τ˜)τ(τ˜)3 dΩ(~ρ ) dτ˜ ; (5.0.11)
where dΩ(~ρ ) = (sinh ̺)2 sin θ d̺ dθ dφ, as described by Eqs (3.3.4), and τ˜(τ) =
∫ τ¯
0 e
α(τ¯ )dτ¯ ,
as described by Eq (3.2.5). Otherwise, we have
√
−g(τ, ~ρ ) d4x = dV (τ, ~ρ )dτ ≡ c(τ)3 dΩ(~ρ ) dτ ; (5.0.12)√
−gˆ(τ, ~ρ ) d4x = dVˆ (τ, ~ρ ) dτ ≡ c(τ)3e4α(τ) dΩ(~ρ ) dτ ; (5.0.13)√
−g˜(τ˜ , ~ρ ) d4x˜ = dV˜ (τ˜ , ~ρ ) dτ˜ ≡ c˜(τ˜)3e3α˜(τ˜ ) dΩ(~ρ ) dτ˜ ; (5.0.14)
where c(τ) =
√
2 τ2Λ (cosh τ/τΛ − 1) and c˜(τ˜) = c[τ(τ˜ )], with Λ the effective cosmological
constant, are the accelerated–expansion factors respectively described in § 3.4 and § 3.6.
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6 The Higgs field in CGR
In this section we introduce the Lagrangian formalism which is necessary to describe in
three different but equivalent ways the basic mechanism of spacetime inflation and matter
generation: first, the interaction of a massless ghost scalar field σ with a physical massless
scalar field ϕ, which thereby becomes a Higgs field of dynamically varying mass. This
simple system is capable of representing the process of cosmic inflation as a huge transfer
of energy from geometry to matter.
6.1 The Higgs field in the kinematic–time picture
As anticipated in § 6 of Part I, the conformal–invariant interaction of a Higgs field ϕ with
the dilation field σ is described by the action integral A = AM +AG, where
AM =
∫
H+
√−g LM(x)d4x=
∫
H+
√−g
2
[
gµν
(
∂µϕ
)
∂νϕ−λ
2
(
ϕ2−µ
2
λ
σ2
σ20
)2
+
R
6
ϕ2
]
d4x, (6.1.1)
AG =
∫
H+
√−g LG(x)d4x= −
∫
H+
√−g
2
[
gµν
(
∂µσ
)
∂νσ +
R
6
σ2
]
d4x (6.1.2)
are the action integrals, respectively of matter and geometry, over a future cone H+ pa-
rameterized by the hyperbolic polar coordinates x = {τ, ~ρ } described in § 3.1; LM (x) and
LG(x) are the Lagrangian densities of AM and AG; gµν(x) is the metric tensor described
by Eq (5.0.3); R(x) is the Ricci scalar accounting for spacetime curvature and gravita-
tional forces; µH = µ/
√
2 ∼= 126 GeV is the Higgs–boson mass in the post–inflation era,
when σ(x) converges to σ0 (cf. § 6 of Part I); σ0 =
√
6/κ = 5.9654× 1018 GeV, where κ is
the gravitational coupling constant; λ is the self–coupling constant of ϕ which, according
to the Standard Model, is related to the Fermi coupling constant GF ≃ 1.16637 × 10−5
GeV−2 by equation λ =
√
2µ2HGF ≃ 0.131.
From Eqs (6.1.1) and (6.1.2), we derive the motion equations for ϕ and σ
D2ϕ+ λ
(
ϕ2 − µ
2
λ
σ2
σ20
)
ϕ− R
6
ϕ = 0 , D2σ +
µ2
σ20
(
ϕ2 − µ
2
λ
σ2
σ20
)
σ − R
6
σ = 0 , (6.1.3)
where
D2f ≡ 1√−g ∂µ
(√−g gµν∂νf) = ∂µ(gµν∂νf)+ (∂µ ln√−g) gµν∂νf (6.1.4)
is the Beltrami–d’Alembert operator of metric gµν(x) acting on a scalar field f(x).
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By functional variation of 2LM (x) and 2LG(x) with respect to gµν(x), we obtain the
Hilbert–Einstein EM tensors of matter and geometry, respectively
ΘMµν = (∂µϕ)∂νϕ−
gµν
2
[
(∂ρϕ)∂ρϕ− λ
2
(
ϕ2 − µ
2
λ
σ2
σ20
)2]
+
1
6
(
gµνD
2 −DµDν
)
ϕ2 +
ϕ2
6
Gµν , (6.1.5)
ΘGµν = −
(
∂µσ
)
∂νσ +
gµν
2
(∂ρσ)∂ρσ − 1
6
(
gµνD
2 −DµDν
)
σ2 − σ
2
6
Gµν , (6.1.6)
where Gµν(x) = Rµν(x) − gµν(x)R(x)/2 and DµDνf = Dµ∂νf = ∂µ∂νf − Γλµν∂λf , with
Γλµν the Christoffel symbols constructed out of gµν(x). Therefore, matching § 2.1 of Part
I, the gravitational equation is
Θµν(x) = Θ
M
µν(x) + Θ
G
µν(x) = 0 . (6.1.7)
Contracting the indices of this tensor by gµν(x), exploiting the identity D2f2 =
2 (∂µf) ∂µf + 2 fD
2f , then using motion equations (6.1.3), we obtain the EM–traces
ΘM =
µ2σ2
σ20
(
µ2
λ
σ2
σ20
− ϕ2
)
, ΘG = −µ
2σ2
σ20
(
µ2
λ
σ2
σ20
− ϕ2
)
, (6.1.8)
as well as the trace equation Θ = ΘM +ΘG = 0.
Defining the mixed energy–momentum tensor of ϕ and σ alone as
Θ¯µν =
(
∂µϕ
)
∂νϕ−
(
∂µσ
)
∂νσ − δ
µ
ν
2
[
(∂ρϕ
)
∂ρϕ− (∂ρσ
)
∂ρσ
]
+
λ δµν
4
(
ϕ2 − µ
2
λ
σ2
σ20
)2
+
1
6
(
D2 −DµDν
)(
ϕ2 − σ2) , (6.1.9)
we can rewrite the gravitational equation as
Gµν(x) =
6 Θ¯µν(x)
σ2(x)− ϕ2(x) . (6.1.10)
Then, exploiting the second Bianchi identity DµG
µ
ν (x) = 0, we obtain[
σ(x)2−ϕ(x)2]Dµ Θ¯µν (x)
σ(x)2 − ϕ(x)2 = DµΘ¯
µ
ν (x)− Θ¯µν (x) ∂µ ln
[
σ(x)2−ϕ(x)2] = 0, (6.1.11)
showing that Θ¯µν (x) in not conserved unless ϕ(x) and σ(x) are constant or σ(x)2 = ϕ(x)2.
All these equations simplify considerably if we assume that the universe is homogeneous
and isotropic, which means that ϕ, σ and R depend only on τ . In this case the metric–
tensor is[
gµν(τ, ~ρ )
]
= diag
[
1,−c(τ)2,−c(τ)2(sinh ̺)2,−c(τ)2(sinh ̺ sin θ)2] , (6.1.12)
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where c(τ) is a scale factor accounting for the accelerated expansion. As explained in § 3.4,
c(τ) must behave as τ near the future–cone origin.
Hence, we have
√
−g(τ, ~ρ ) = c(τ)3(sinh ̺)2sin θ and Eqs (6.1.1) (6.1.2) simplify to
AM =
∫
H+
√−g LM(x) d4x = Ω
∫ ∞
0
c3
2
[(
∂τϕ
)2 − λ
2
(
ϕ2 − µ
2
λ
σ2
σ20
)2
+
R
6
ϕ2
]
dτ, (6.1.13)
AG =
∫
H+
√−g LM(x) d4x = −Ω
∫ ∞
0
c3
2
[(
∂τσ
)2
+
R
6
σ2
]
dτ, (6.1.14)
where H+ indicates the Riemann manifold of the future cone and Ω the infinite volume
of the hyperbolic–Euler–angle space represented in Fig. 4.
From these action integrals, we derive the reduced motion equations of ϕ(τ) and σ(τ),
which are like those of Eqs (6.1.3) but with D2f(τ) = ∂2τ f(τ)+3
[
∂τ ln c(τ)
]
∂τf(τ). Using
equations Dµ∂τf(τ) = ∂µ∂τf(τ)− Γτµτ (x) ∂τf(τ) = δµτ∂2τf(τ), Dµf(τ) = δµτ∂τf(τ) and
Dµ
[
a(τ) ∂µf(τ)
]
= a(τ)D2f(τ) +
[
∂µa(τ)
]
∂µf(τ) , (6.1.15)
where a(τ) is any scalar function of τ , we obtain the reduced gravitational equations
Θ00 =
1
2
(
ϕ˙2 − σ˙2)+ c˙
c
(
ϕϕ˙ − σσ˙)+ λ
4
(
ϕ2 − µ
2
λ
σ2
σ20
)2
− σ
2 − ϕ2
6
G00 = 0; (6.1.16)
Θii = −
1
2
(
ϕ˙2 − σ˙2)+ 1
6
D2(ϕ2 − σ2) + λ
4
(
ϕ2 − µ
2
λ
σ2
σ20
)2
− σ
2 − ϕ2
6
Gii = 0. (6.1.17)
Exploiting the identity D2ϕ2 = 2ϕ˙2 +2ϕD2ϕ and a similar identity for D2σ2, then, using
Eqs (6.1.3), we find Θii = −Θ00/3, showing that Eqs (6.1.16) and (6.1.17) condense into
the single gravitational equation
G00(τ) =
6 ρE(τ)
σ(τ)2 − ϕ(τ)2 (6.1.18)
where
ρE(τ) =
1
2
ϕ˙(τ)2 − 1
2
σ˙(τ)2 +
λ
4
[
ϕ(τ)2 − µ
2
λ
σ(τ)2
σ20
]2
(6.1.19)
can be regarded as the homogeneous energy density of the {ϕ(τ), σ(τ)} system.
Considering that one of Eqs (3.4.3) gives
G00(τ) = 3
c˙(τ)2 − 1
c(τ)2
, (6.1.20)
we can easily see that gravitational equation (6.1.18) determines c˙(τ) but not c¨(τ). It is
then clear that assuming c¨(τ) =
[
c˙(τ)2−1]/c(τ) does not contradict Eq (6.1.16). As shown
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in § 3.4, this condition, which is exactly equivalent to Eq (3.4.7), is fulfilled provided that
G00(τ) = −R/4 = constant.
In summary, gravitational equations (6.1.16) and (6.1.17) condense into equation
Θττ ≡ Θ00 =
1
2
(
ϕ˙2 − σ˙2)+ c˙
c
(
ϕϕ˙ − σσ˙)+ λ
4
(
ϕ2 − µ
2
λ
σ2
σ20
)2
+
σ2 − ϕ2
24
R = 0 . (6.1.21)
6.2 The Higgs field in the conformal–time picture
In the conformal–time picture, the action integral Aˆ = AˆM + AˆG of the Higgs field inter-
acting with the dilation field can be directly obtained from action integral A = AM +AG
by carrying out the following replacements in Eqs (6.1.1) and (6.1.2):
gµν(x)→ gˆµν(x) = e2α(x)gµν(x); gµν(x)→ gˆµν(x) = e−2α(x)gµν(x);√
−g(x)→
√
−gˆ(x) = e4α(x)
√
−g(x); ϕ(x)→ ϕˆ(x) = e−α(x)ϕ(x);
σ(x)→ σ0; R(x)→ Rˆ(x) = e−2α(x)
[
R(x)− 6 e−α(x)D2eα(x)]; (6.2.1)
where x = {τ, ~ρ } are the hyperbolic polar coordinates described in § 3.1, gˆµν(x) is the
fundamental tensor described by Eq (5.0.2), eα(x) is the Weyl scale factor introduced in
§ 2.2 of Part I and Rˆ(x) is the Ricci scalar constructed out of gˆµν(x).
We thereby obtain the following action integrals of matter and geometry over the future
cone Hˆ+ of the Cartan manifold
AˆM =
∫
Hˆ+
√
−gˆ LˆMd4x =
∫
Hˆ+
√−gˆ
2
[
gˆµν
(
∂µϕˆ
)
∂νϕˆ− λ
2
(
ϕˆ2 − µ
2
λ
)2
+
Rˆ
6
ϕˆ2
]
d4x, (6.2.2)
AˆG =
∫
Hˆ+
√
−gˆ LˆGd4x = −
∫
Hˆ+
√−gˆ
12
Rˆ σ20 d
4x ≡ −1
κ
∫
Hˆ+
√−gˆ
2
Rˆ d4x , (6.2.3)
where LˆM (x) and LˆG(x) are their respective Lagrangian densities. Contrary to A, the min-
imum of potential–energy density falls at ϕˆ = µ/
√
λ, but, in compensation, the conformal
symmetry appears to be explicitly broken by the dimensional constants κ and µ.
Action integrals Aˆ and A, although different in measure, are functionally equivalent,
in the sense that they differ by a surface term. In fact, computing their differences we find
∆AM ≡ AˆM −AM =
∫
H+
√−g
2
{
ϕ2
[
gµν(∂µα)∂να− e−αD2eα
]− gµν(∂µα) ∂νϕ2}d4x;
∆AG ≡ AˆG −AG = −
∫
H+
√−g
2
{
σ2
[
gµν(∂µα)∂να− e−αD2eα
]− gµν(∂µα) ∂νσ2}d4x;
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in which the expressions in curly brackets are pure covariant divergences, as the following
identities clearly show
Dµ
(
gµνϕ2e−α∂µe
α
) ≡ ϕ2[e−αD2eα − gµν(∂µα)∂να]+ gµν(∂να)∂µϕ2; (6.2.4)
Dµ
(
gµνσ2e−α∂µe
α
) ≡ σ2[e−αD2eα − gµν(∂µα)∂µα]+ gµν(∂να)∂µσ2. (6.2.5)
Remarkably, equations like these only hold in 4D spacetime. Using the covariant–divergence
property
√
−g(x)Dµfµ(x) = ∂µ
[√−g(x)fµ(x)] and Eqs (6.2.4) (6.2.5), we obtain
√−g∆Lˆ =
√−g
2
Dµ
[
gµν(ϕ2 − σ2) e−α∂µeα
]
=
1
2
∂µ
[√−g gµν(ϕ2 − σ2)σ−1∂νσ], (6.2.6)
where ∆L = LˆM −LM + LˆG−LG, showing that Aˆ differs from A by a mere surface term.
In passing from A to Aˆ, the conformal–invariance of the Lagrangian density ceases to
be manifest. The original conformal invariance of A does appear explicitly broken in Aˆ
by the dimensional constants σ20 =
√
6/κ and µ.
By equating to zero the functional variation of 2Lˆ(x) ≡ 2[LˆM (x)+LˆG(x)] with respect
to gˆµν(x), we obtain the gravitational equation
Θˆµν = (∂µϕˆ) ∂ν ϕˆ− gˆµν
2
[
gˆρσ(∂ρϕˆ)∂σϕˆ− λ
2
(
ϕˆ2 − µ
2
λ
)2]
+
1
6
(
gˆµνDˆ
2 − DˆµDˆν
)
ϕˆ2 +
ϕˆ2 − σ20
6
Gˆµν = 0 (6.2.7)
where Θˆµν is the total EM–tensor of matter and geometry, and Gˆµν(x) is the conformal
gravitational. As shown by Eqs (A-23)–(A-25) of Part I, this tensor satisfies the equality
Gˆµν(x) ≡ Rˆµν(x)− 1
2
gˆµνRˆ(x) = Rµν − 1
2
gµνR+ 2σ
−1(gµνD
2 −Dµ∂ν)σ +
σ−2
[
4 (∂µσ)(∂νσ)− gµν(∂ρσ) ∂ρσ
]
, (6.2.8)
where Rˆµν(x) and Rˆ(x) are the conformal Ricci tensor and Ricci scalar.
Here are the expressions of the differential operators involved in Eq (6.2.8)
Dˆµfˆ = ∂µfˆ ; Dˆ
µfˆ = ∂µfˆ = e2α(x)∂µfˆ ; Dˆµfˆν ≡ ∂µfˆν − Γˆλµν fˆλ ; (6.2.9)
Dˆ2fˆ =
1√−gˆ ∂µ
(√−gˆ gˆµν ∂ν fˆ ) = e−4α√−g ∂µ(e2α√−g gµν ∂ν fˆ ) =
e−2α
[
∂µ(g
µν∂ν fˆ) +
(
2 ∂µα+ ∂µ ln
√−g )∂µfˆ ]; (6.2.10)
DˆµDˆν fˆ = Dˆµ∂ν fˆ = ∂µ∂ν fˆ − Γˆλµν∂λfˆ = ∂µ∂ν fˆ − Γλµν∂λfˆ −
(∂µα)∂ν fˆ − (∂να)∂µfˆ + gµν(∂λα)∂λfˆ . (6.2.11)
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The first row describes the action of the conformal covariant derivatives Dˆµ, respec-
tively on a scalar field fˆ(x) and a vector field fˆν(x), involving the conformal Christoffel
symbols Γˆλµν(x) constructed from gˆµν(x). The second row describes the action of the
Beltrami–d’Alembert operator Dˆ2 on fˆ(x). The third row describes the action of operator
DˆµDˆν on a scalar field fˆ(x), where use has been made of the identity introduced by Eq
(A-15) of Part I, namely. Γˆλµν(x) = Γ
λ
µν(x) + δ
λ
ν ∂µα(x) + δ
λ
µ∂να(x)− gµν(x)∂λα(x), where
δνµ ≡ gνµ(x) is the Kronecker delta.
From Aˆ, we also obtain the motion equation
Dˆ2ϕˆ+ λ
(
ϕˆ2 − µ
2
λ
)
ϕˆ− Rˆ
6
ϕˆ = 0 , (6.2.12)
Of note, it may seem that, in passing from the kinematic–time picture to the conformal–
time one, the motion equation of the dilation field has disappeared. This is not in fact so,
as it is already contained in the gravitational–trace equation Θˆ(x) = gˆµν(x)Θˆµν(x) = 0.
To prove this, let us first consider the trace equation
Θˆ = −gˆµν(∂µϕˆ) ∂ν ϕˆ+ λ
(
ϕˆ2 − µ
2
λ
)2
+
1
2
Dˆ2 ϕˆ2 − ϕˆ
2 − σ20
6
Rˆ =
ϕˆDˆ2ϕˆ+ λ
(
ϕˆ2 − µ
2
λ
)
ϕˆ2 − Rˆ
6
ϕˆ2 +
Rˆ
6
σ20 − µ2
(
ϕˆ2 − µ
2
λ
)
=
Rˆ
6
σ20 − µ2
(
ϕˆ2 − µ
2
λ
)
= 0, (6.2.13)
where we exploited identity Dˆ2 ϕˆ2 = 2 gˆµν(∂µϕˆ) ∂νϕˆ + 2 ϕˆDˆ
2ϕˆ in the second step and Eq
(6.2.12) in the third step. Using the last of Eqs (6.2.1), we obtain
Θˆ =
Rˆ
6
σ20 − µ2
(
ϕˆ2 − µ
2
λ
)
= −e−4ασ
[
D2σ +
µ2
σ20
(
ϕ2 − µ
2
λ
σ2
σ20
)
σ − R
6
σ
]
= 0 ,
which is exactly equivalent to the second of Eqs (6.1.3) because e−4ασ > 0.
We clearly see that the scale–expansion factor, which in the kinematic–time picture
has the form of the ghost scalar field σ(x) = σ0 e
α(x), in the conformal–time picture takes
the form of an adimensional degree of freedom s(x) = eα(x) of the conformal gravitational
field.
All equations so far considered simplify considerably if we assume that the Higgs field
is homogeneous and the rate of spacetime expansion is uniformly accelerated or constant.
This means that ϕˆ and Rˆ only depend on τ and that R is zero or a negative constant.
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Since in this case the squared line–element is given by Eq (3.6.1), we can write the
fundamental tensor of the Cartan manifold and its inverse as
gˆµν(x) = diag
[
s(τ)2,−s(τ)2c(τ)2,−s(τ)2c(τ)2sinh ̺2,−s(τ)2c(τ)2sinh ̺2 sin θ2
]
,
gˆµν(x) = diag
[
1
s(τ)2
,
−1
s(τ)2c(τ)2
,
−1
s(τ)2c(τ)2sinh ̺2
,
−1
s(τ)2c(τ)2sinh ̺2 sin θ2
]
.
where x ≡ {τ, ~ρ } and c(τ) is the spatial scale–factor accounting for accelerated expansion.
Hence, we have
√−gˆ(x) = s(τ)4c(τ)3 sinh ̺2 sin θ and Eqs (6.2.2) (6.2.3) simplify to
AˆM =
∫
Hˆ+
√
−gˆ LˆM(x) d4x = Ω
∫ ∞
0
s4c3
2
[(
∂τ ϕˆ
)2 − λ
2
(
ϕˆ2 − µ
2
λ
)2
+
Rˆ
6
ϕˆ2
]
dτ, (6.2.14)
AˆG=
∫
Hˆ+
√
−gˆ LˆM(x) d4x = −Ω
∫ ∞
0
s4c3
σ20
12
Rˆ dτ ≡ − Ω
2κ
∫ ∞
0
s4c3Rˆ dτ, (6.2.15)
where Hˆ+ indicates the Cartan manifold and Ω the infinite volume of the hyperbolic–
Euler–angle space (do not quibble about this mathematical license).
Now, the covariant operators Dˆ2 and Dˆµ act on a scalar function fˆ(τ), depending only
on τ , as follows: DˆµDˆν fˆ(τ) = 0 (µ 6= ν) and
Dˆ2fˆ(τ) =
∂τ
[
s(τ)2c(τ)3∂τ fˆ(τ)
]
s(τ)4c(τ)3
=
∂2τ fˆ(τ)
s(τ)2
+
[
2 s˙(τ)
s(τ)3
+
3 c˙(τ)
s(τ)2c(τ)
]
∂τ fˆ(τ) ; (6.2.16)
Dˆ0Dˆ0fˆ(τ) = ∂
2
τ fˆ(τ)−
[
Γ000(τ) + α˙(τ)
]
∂τ fˆ(τ) = ∂
2
τ fˆ(τ)−
s˙(τ)
s(τ)
∂τ fˆ(τ); (6.2.17)
[
gˆ00(x)Dˆ
2 − Dˆ0Dˆ0
]
fˆ(τ) ≡ [s(τ)2Dˆ2 − Dˆτ Dˆτ ]fˆ(τ) = 3[ s˙(τ)
s(τ)
+
c˙(τ)
c(τ)
]
∂τ fˆ(τ) ; (6.2.18)
as gˆ00(x) = s(τ)
2, gˆ0i(x) = 0 and Γ
0
00(τ) = 0, with dot superscripts denoting ∂τ .
Consequently, the gravitational equations (6.2.7) condense into the single equation
Θˆττ =
1
2
(∂τ ϕˆ)
2 +
s2λ
4
(
ϕˆ2 − µ
2
λ
)2
+
1
2
(
s˙
s
+
c˙
c
)
∂τ ϕˆ
2 +
ϕˆ2 − σ20
6
Gˆττ = 0. (6.2.19)
Using in this equation the equalities
ϕˆ =
ϕ
s
; ∂τ ϕˆ =
ϕ˙
s
− ϕ s˙
s2
; ∂τ ϕˆ
2 = 2
ϕϕ˙
s2
− 2ϕ2 s˙
s3
; Gˆττ = −R
4
+ 6
s˙c˙
sc
+ 3
s˙2
s2
; (6.2.20)
we find
Θˆττ (τ) =
Θττ (τ)
s(τ)2
= 0 ; Θˆττ (τ) = gˆ
ττ (τ) Θˆττ (τ) =
Θττ (τ)
s(τ)4
= 0 ; (6.2.21)
where gˆττ (τ) ≡ gˆ00(x), clearly showing the equivalence of Eqs (6.1.21) and (6.2.19), as
expected.
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6.3 The Higgs field in the proper–time picture
In the proper–time picture, the action integral A˜ = A˜M + A˜G of the Higgs field interacting
with the dilation field can be directly obtained from action integral Aˆ = AˆM + AˆG of the
conformal–time picture by means of the following substitutions
τ → τ˜ =
∫ τ
0
eα(τ¯ ,~ρ )dτ¯ ; ∂τ → ∂τ˜ ≡ ∂˜0 = e−α(x)∂τ ; ϕˆ(x)→ ϕ˜(x˜) = ϕˆ[x(x˜)];
gˆµν(x)→ g˜µν(x˜);
√
−gˆ(x)→
√
−g˜(x˜); Rˆ(x)→ R˜(x˜) = Rˆ[x(x˜)]; (6.3.1)
where x˜ = {τ˜ , ~ρ } are the proper–time coordinates defined in § 3.5, ∂˜µ are partial derivatives
with respect to x˜µ, g˜µν(x˜) is the polar metric described by Eq (5.0.1) and R˜(x˜) is the Ricci
scalar constructed from g˜µν(x˜).
We therefore obtain the proper–time action integral of matter and geometry A˜ =
A˜M + A˜G, where
A˜M =
∫
H˜+
√−g˜
2
[
g˜µν
(
∂˜µϕ˜
)
∂˜νϕ˜− λ
2
(
ϕ˜2 − µ
2
λ
)2
+
R˜
6
ϕ˜2
]
d4x˜ ; (6.3.2)
A˜G = −1
κ
∫
H˜+
√−g˜
2
R˜ d4x˜ , (6.3.3)
where H˜+ is the inflated and accelerated future cone embedded in the Riemann manifold
of metric g˜µν(x˜) and κ ≡ 6/σ20 is the gravitational coupling constant of GR. As in the
conformal–time picture, the minimum of potential–energy density falls at ϕ˜ = µ/
√
λ and
the conformal symmetry appears to be explicitly broken by the dependence of A˜ on κ and
µ2. The main difference is now that the metric tensor has the hyperbolic–polar form
g˜00(τ˜ , ~ρ ) = 1; g˜0i(τ˜ , ~ρ ) = 0 (i = 1, 2, 3); g˜ij(τ˜ , ~ρ ) = −e2α˜(τ˜ ,~ρ )γ˜ij(τ˜ , ~ρ );
described by Eq (5.0.3), so that the manifold returns to a Riemann structure.
Since A˜ is obtained from Aˆ by a simple redefinition of the conformal time τ , it is equal
in measure to Aˆ, but functionally equivalent to A, as A˜ inherits the surface term from Aˆ.
The motion equation of ϕ˜ is
D˜2ϕ˜+ λ
(
ϕ˜2 − µ
2
λ
)
ϕ˜− R˜
6
ϕ˜ = 0 , (6.3.4)
where
D˜2f˜(x˜)=∂2τ˜f˜(x˜)+
{
∂τ˜ ln
[
τ(x˜)3e3α˜(x˜)
√
γ˜(x˜)
]}
∂τ˜f˜(x˜)−
∂i
[
e2α˜(x˜)
√
γ˜(x˜) γ˜ij(x˜)∂j f˜(x˜)
]
τ2(x˜) e4α˜(x˜)
√
γ˜(x˜)
(6.3.5)
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is the Beltrami–d’Alembert operator constructed from g˜µν(x˜).
The EM tensors derived from (6.3.2) and (6.3.2) are respectively
Θ˜Mµν =
(
∂˜µϕ˜
)
∂˜ν ϕ˜− g˜µν
2
g˜ρσ
(
∂˜ρϕ˜
)
∂˜σϕ˜+ g˜µν
λ
4
(
ϕ˜2 − µ
2
λ
)2
+
1
6
(
g˜µνD˜
2 − D˜µ∂˜ν
)
ϕ˜2 +
ϕ˜2
6
G˜µν ; Θ˜
G
µν = −
G˜µν
κ
≡ −σ
2
0
6
G˜µν ; (6.3.6)
where G˜µν = R˜µν − 1
2
g˜µνR˜, which gives G˜
0
0 = −R˜ and G˜µµ = −R˜ . (6.3.7)
from which we obtain the gravitational equation Θ˜µν = Θ˜
M
µν + Θ˜
G
µν = 0. Contracting Eqs
(6.3.6) with g˜µν , and then using identity D˜2ϕ˜2 ≡ 2 g˜ρσ(∂˜ρϕ˜)(∂˜σϕ˜) + 2 ϕ˜D˜2ϕ˜ and motion
equation (6.3.4), we obtain the EM traces and trace equations
Θ˜M = µ2
(
µ2
λ
− ϕ˜2
)
; Θ˜G =
1
κ
R˜ ; then R˜ = κµ2
(
ϕ˜2 − µ
2
λ
)
. (6.3.8)
Replacing the expression for R˜ given by Eq (5.0.6) in the last of Eqs (6.3.8), we obtain
R˜(x˜) = e−2α(x)
[
R(x)− 6 e−α(x)D2eα(x)] = κµ2(ϕ˜2 − µ2
λ
)
.
An interesting point is worth noting here: inserting the last of Eqs (6.3.8) into Eq
(6.3.4), we obtain
D˜2ϕ˜+
(
λ− µ
2
σ20
)(
ϕ˜2 − µ
2
λ
)
ϕ˜ = 0 , (6.3.9)
showing that, in proper–time coordinates, the dependence of the dynamics of ϕ˜ on R˜
simply results in the self–coupling–constant change
λ→ λ˜ = λ− µ
2
σ20
. (6.3.10)
Since λ˜/λ ≃ 1− 1.7 × 10−33, the change is absolutely negligible.
All these equations simplify considerably if we assume that the universe is homogeneous
and isotropic, meaning that ϕ˜ and R˜ depend only on τ˜ . Since in this case the squared
line–element is given by Eq (3.6.1), the metric tensor simplifies to that of the inflated–
accelerated Milne spacetime M˜+ represented in Fig. 7, i.e..
g˜µν(τ˜ , ~ρ ) = diag
[
1,−a˜(τ˜)2,−a˜(τ˜)2sinh ̺2,−a˜(τ˜)2sinh ̺2 sin θ2
]
,
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where a˜(τ˜) = c˜(τ˜) s˜(τ˜ ); c˜(τ˜ ) and s˜(τ˜) = eα˜(τ˜) are obtained respectively from c(x) and
s(τ) ≡ eα(τ), according to the rule f(τ)→ f˜(τ˜ ) = f [τ(τ˜)]. Therefore, we have√
−g(x) = c(x)3(sinh ̺)2 sin θ →
√
−g˜(x˜) = [s˜(τ˜ ) c˜(τ˜ )]3(sinh ̺)2 sin θ ;
d4x = dΩ(~ρ) dτ → d4x˜ = dΩ(~ρ) dτ˜ ;
where dΩ(~ρ), as usual, is the volume element of the hyperbolic–Euler–angle space Ω.
With these changes, the motion equation (6.3.9) simplifies to
∂2τ˜ ϕ˜(τ˜) + 3
[
∂τ˜ c˜(τ)
c˜(τ)
+
∂τ˜ s˜(τ)
s˜(τ)
]
∂τ˜ ϕ˜(τ˜ ) + λ˜
(
ϕ˜2 − µ
2
λ
)
ϕ˜ = 0 , (6.3.11)
where Eq (6.3.10) was used. The expression in squared brackets is the Hubble parameter
in proper–time coordinates.
The homogeneous gravitational equation is therefore
Θ˜00 =
1
2
(
∂τ˜ ϕ˜
)2
+
λ
4
(
ϕ˜2 − µ
2
λ
)2
+
1
2
(
∂τ˜ c˜
c˜
+
∂τ˜ s˜
s˜
)
∂τ˜ ϕ˜
2 − σ
2
0 − ϕ˜2
6
G˜00 = 0 . (6.3.12)
Since ϕ˜2/σ20 is negligible relative to 1, this equation has the form of the standard gravita-
tional equation of Einstein for a homogeneous Higgs field.
To prove the equivalence of this equation with Eq (6.1.21), let us retrieve equation
G˜00(τ˜) = 3
[∂τ˜ a˜(τ˜)]
2−1
a˜(τ˜ )2
= 3
{
[∂τ˜ c˜(τ˜ )]
2
c˜(τ˜)2
+
[∂τ˜ s˜(τ˜)]
2
s˜(τ˜ )2
+ 2
[∂τ˜ c˜(τ˜)][∂τ˜ s˜(τ˜ )]
c˜(τ˜ )s˜(τ˜)
− 1
[c˜(τ˜)s˜(τ˜ )]2
}
from Eqs (3.6.5). Since in going back to the kinematic–time picture f˜(τ˜ ) becomes f(τ)
and ∂τ˜ f˜(τ˜) becomes f˙(τ)/s(τ), then σ
2
0 − ϕ˜2 becomes [σ(τ)2 − ϕ(τ)2]/s(τ)2 and G˜00(τ˜ )/6
becomes
1
2s(τ)2
[
c˙(τ)2
c(τ)2
+
s˙(τ)2
s(τ)2
+ 2
c˙(τ) s˙(τ˜)
c(τ) s(τ)
− 1
c(τ)2
]
=
1
s(τ)2
[
1
2
s˙(τ)2
s(τ)2
+
c˙(τ)
c(τ)
s˙(τ)
s(τ)
− R
24
]
,
where Eq (6.1.20) and the last of Eqs (3.4.7) were used.
As τ˜ becomes increasingly larger, τ˜ approaches τ , s˜(τ˜) approaches 1, c˜(τ˜ ) approaches
c(τ), R˜00 approaches R
0
0 and R˜ approaches R. Consequently, Eq (6.3.12) approaches the
standard gravitational equation of a homogeneous Higgs field:
1
2
(
∂τϕ
)2
+
λ
4
(
ϕ2 − µ
2
λ
)2
+
1
2
∂τc
c
∂τϕ
2 =
1
κ
(
R00 −
1
2
R
)
= − R
4κ
.
The last step is clearly due to the fact that the mixed Ricci tensor of a homogeneous
and isotropic open universe has the form Rµν = δ
µ
ν R/4, where R is a negative constant.
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